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Commemorative Issue in Honor of Professor Yukio ITAGAKI
Mariko J. HONMA*
Having worked in the Faculty of Economics for 42 years, Professor Yukio Itagaki retired in 
September 2014.  This issue of the Soka Economic Studies is published in honor of his invaluable 
contribution to the development of Soka University and to the Faculty of Economics.
A man of intellectual humility and ceaseless learning, Professor Itagaki dedicated himself to 
pursuing research and education in his chosen field of Finance. The list of his publications attests to 
his continuous effort as a scholar of the highest standing. He was also generous with his time as he 
frequently helped junior faculty members in academic and administrative matters and offered many 
hours of extracurricular tutorials for students.  For the junior faculty, he conducted study sessions 
for many years mentoring them in the latest theories in Finance. Furthermore, when members of 
the student-organized Economic Theory Club requested tutorials to comprehend mathematical 
economic theories, he would always welcome them not only to his office but often to his home on 
many occasions. Both Professor and Mrs. Itagaki have welcomed many generations of students to 
their home with kindness and affection during his tenure with Soka University.
Professor Itagaki will be sorely missed by both faculty and students alike. On a man of great 
learning, the French essayist Michel de Montaigne said:
To really learned men has happened what happens to ears of wheat: they rise high and 
lofty, heads rest and proud, as long as they are empty; but when they are full and swollen 
with grain in their ripeness, they begin to grow humble and lower their horns.
Such a person of humility is Professor Itagaki. With profound respect for his life as a 
researcher and educator, we deeply thank him for all that he has contributed to the Faculty of 
Economics and Soka University, and we wish him the very best in his new stage of learning in 
retirement.
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主 ゼ ミ で、M.Morishima, Equilibrium, Stability and Growth: A Multi Sectoral Analysis. 
Oxford University Press,1963 を輪読し多部門経済成長論を学ぶ
修士論文「技術進歩と最適経済成長」
自1970年4月 至1973年3月 東北大学大学院経済学研究科博士課程経済学専攻 指導教官 : 芳賀
半次郎教授 博士課程満期退学
芳賀半次郎教授の指導のもとで理論経済学、大槻幹郎教授の指導のもとで厚生経済学を
研究し、“Competitive Growth Equilibrium and Dynamic Pareto Optimum in the Context 






1985年 『動的最適化と経済理論』 単著 多賀出版
1987年 『近代経済理論の展開』 共著 木鐸社
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自1976年4月 至1985年3月 創価大学経済学部経済学科助教授（｢ ミクロ経済学 ｣、｢ マクロ経





自1985年4月 至2014年9月 創価大学経済学部経済学科教授（｢ ミクロ経済学上級 ｣、｢ マクロ
経済学中級 ｣、「経済変動論」、｢ 経済数学 解析 ｣、｢ 金融論 ｣、「国















































































間 (Ω, F, P ) 上で定義され5、増大する F の部分 s− 加法族の系であるフィルトレーション（情報
系）{Ft : t∈ [0,T ]}6 に対して時間ごとに Ft 可測、すなわち {Ft : t∈ [0,T ]} に適合的であり、幾何
4 Robert J.Shiller[33] の邦訳『それでも金融は素晴らしい』東洋経済新報社2014 年165頁。
5 確率空間 (Ω, F, P ) は、標本空間 Ω ≠f、Ω 上の s − 加法族 F ⊂ 2Ω={A|A⊂Ω}、確率測度 P の 3 つの組よりなる。
s − 加法族 F とは、次の 3 つの条件
(1)Ω∈F , (2) { }( )CA A A Aω ω∀ ∈ ⇒ = ∈Ω ∉ ∈F F ,
(3) ( )
1i ii
A i N A
∞
=





i i ii i
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∞ ∞
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limsup , :n k kn k nn
A A n N k n Aω ω∞ ∞
= =→∞
= ∩ ∪ = ∈Ω ∀ ∈ ∃ ≥ ∈
{ }kAω ω= ∈Ω ∈������ ��� F
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liminf : ,n k kn n k nA A n N k n Aω ω
∞ ∞
→∞ = =
= ∪ ∩ = ∈Ω ∃ ∈ ∀ ≥ ∈
{ }kAω ω= ∈Ω ∈���������� ��� F
が成立する。A ∈ F ⊂ 2Ωを（可測）事象という。
可測空間 (Ω, F ) 上の確率測度（集合関数）P :F →[0,1] とは、次の 3 つの条件 
(1)∀A∈F, P(A)∈[0,1], (2) P (Ω)=1, 
(3) ( ) ( ) ( )
1 1
,i i j i ii i
A i N A A i j P A P Aφ
∞∞
= =
⎛ ⎞∈ ∈ ∩ = ≠ ⇒ ∪ =⎜ ⎟⎝ ⎠ ∑F : 加算加法性
を満たす。A ∈ F ⊂ 2Ωのとき、P(A)=P({w∈Ω|w∈A}) を可測事象 A の確率という。
X : Ω→R が確率空間 (Ω, F, P ) 上の確率変数であるとは、X が F − 可測であることで、
∀x ∈ R,X −1 ((−∞,x])={w∈Ω|X(w) ≤ x}∈F が成立することである。
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ブラウン運動
( ) ( ) ( ) ( ) ( ) 0,  0PdS t S t dt S t dZ t S Sμ σ= + = ( )1	 (1)
に従うものとする7。ここに、ドリフト係数 m は、株式の瞬間的期待収益率、拡散係数 σ  は、株
式の収益率の瞬間的標準偏差で株価のボラティリティ8 と呼ばれ、ZP(t) は実世界確率測度 real 
world probability measure P の下で、フィルトレーション {Ft : t∈ [0,T ]} に関して適合的な ( 各時
[ ]: 0,1 ,XF R→ ( ) ( ]( ) ( ){ }( ) ( )1 ,defXF x P X x P X x x Rω ω−= −∞ = ∈Ω ≤ ∈ を確率空間 (Ω, F, P) 上の確率変数 X 
の分布関数という。
確率測度 P が絶対連続であれば、ラドン＝ニコディムの定理により 
∃ 非負可積分関数  [ ]( ) ( ) [ ]{ }( ): : , ,Xf R R P X a b P X a bω ω−→ = ∈Ω ∈ =� ( )b Xa f x dx∫ であることが保証される。




が成り立つ。時間を表す変数 t∈[0,∞) によってパラメータづけられた確率変数の族 {X(t,w) (t,w)∈[0,∞)×Ω} を
確率空間 (Ω, F, P ) 上の確率過程という。X:[0,∞) × Ω → R において、∀w∈Ω, t  X(t.w) すなわち、t∈[0,∞) の
関数 X(t,w) を、w∈Ω に対する確率過程の見本路といい、∀t∈[0,∞),w  X(t.w) すなわち、w∈Ω の関数 X(t,w)
は確率変数である。
6 ∀s,t∈[0,T ], s≤t ⇒F0 ⊂ Fs ⊂ Ft ⊂ FT ⊂ F⊂ 2Ω   ここに、F0, Fs, Ft, FT は、F の部分 s − 加法族である。
7 幾何ブラウン運動 (1) を初期条件 S(0)  = S0 の下で解けば次のようである。伊藤の公式を適用して、
( ) ( )( ) ( )
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両辺を 0 から t まで積分すれば、
( ) ( ) ( )2
0 0
1log log 0 ,
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t t PS t S dt dZ tμ σ σ⎛ ⎞⎛ ⎞= − +⎜ ⎟⎜ ⎟⎝ ⎠⎝ ⎠∫ ∫




P PS t Z t Zμ σ σ
⎛ ⎞⎛ ⎞⎛ ⎞⎜ ⎟⎜ ⎟= − + −⎜ ⎟ ⎜ ⎟⎜ ⎟⎝ ⎠ ⎝ ⎠⎝ ⎠123
( )20 1exp 2
PS t Z tμ σ σ⎛⎛ ⎞= − +⎜ ⎟⎝ ⎠⎝
.⎞⎜ ⎟⎠
である。
8 ブラック＝ショールズ＝マートン・モデルでは、ボラティリティ s は一定と仮定された。この仮定に対して、
主として、計量ファイナンス研究者から批判が集中し、代わりに確率的ボラティリティすなわちボラティリ
ティ確率過程 ( ){ } [ ]0.t Ttσ ∈ が導入されたりしたが、決定打とはなっていない。ボラティリティ s のミススペシ
フィケーションに対するブラック＝ショールズ＝マートン・モデルの頑健性については、N.E.Karoui, 
M.Jeanblanc-P. and Schreve[21] を参照。
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点 t∈[0,T ] で、各投資家にとって {Ft : t∈ [0,T ]} は既知 )、確率空間 (Ω, F ,P ) 上の 1 次元標準ブ
ラウン運動である9。
つぎに、無リスク資産であるマネー・マーケット・アカウントが存在し、取引期間 [0,T ]10 で
その連続複利利子率は既知で一定数 r > 0 であるものとする。このマネー・マーケット・アカウ
ントの時点 t の価格 B(t) は、
( ) ( ) ( ), 0 1dB t rB t dt B= = ( )2 (2)
を満たす11。
9  ZP(0) = 0
r < s ≦ t < u ⇒ ZP(u) − ZP(t) と ZP(s) −ZP(r) は独立な確率変数：増分の独立性：増分の正規性
0 s t≤ < ⇒ ( ) ( ) ( )( )2~ 0,P PZ t Z s N t s− −  
確率1 で見本路 t ZP(t) は連続なしかしいたるところ微分不可能な軌道である。
10 T は、満期を示す。













τ ττ = +∫ ∫ : 積分定数
log B(t) = rt+C,
B(t) = exp{rt+C} = exp{rt} expC, 
ここで、B(0) = exp{r0+C} = expC であるから、
結局
B(t)=B(0)exp{rt}=1exp{rt}.
より一般的に、利子率の取引期間中の時間経路 ( ){ } [ ]0.t Tr t ∈ が既知の場合は、
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⎩ ⎭∫ である。実際、
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⎛ ⎞+⎜ ⎟⎝ ⎠ であるから、連続複
利 (m → ∞) で B0 を運用すると t 年後の元利合計は
0 0 0 0
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間 t の関数となり、f (S(t),t) と表わすことにする12。まず、
( )( ) ( ) ( ) ( )( )
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14243
である13 から、
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⎛ ⎞∂ ∂ ∂ ∂ ∂⎜ ⎟= + + + +⎜ ⎟∂ ∂ ∂ ∂ ∂ ∂⎜ ⎟⎝ ⎠
( )2 22212
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Pf f f fS S t dt SdZ
t S S S
μ σ σ⎛ ⎞∂ ∂ ∂ ∂= + + +⎜ ⎟∂ ∂ ∂ ∂⎝ ⎠
( )3 (3)
を得る。
3. 条件付き請求権の複製とブラック＝ショールズ = マートンの偏微分方程式の導出
配当支払いの無い株式とマネー・マーケット・アカウントとからなるポートフォリオを構成し
て、条件付き請求権を複製する14。時点 t の株式保有量を x(t)、マネー・マーケット・アカウント
の保有量を y(t) とすると、時点 t の当該ポートフォリオ (x(t), y(t)) の価値 G(t) は、










⎜ ⎟⎛ ⎞= + =⎜ ⎟⎜ ⎟⎝ ⎠⎜ ⎟⎝ ⎠14243
12  f (S(t),t) は、S(t) に関して C 2 級、t に関して C1 級であると仮定する。
13 次の乗法公式（渡辺 [40]p.29）を用いて計算した。
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( ) ( ) ( ) ( ) ( )G t S t x t B t y t= + ( )4 (4)
である。このポートフォリオ (x(t), y(t)) が、資金自己調達的である15（セルフ・ファイナンシング・
ポートフォリオである）と仮定すれば、ポートフォリオの価値の時間変化は
( ) ( ) ( ) ( ) ( )dG t dS t x t dB t y t= +
であり16、(1), (2) より、
( ) ( ) ( )( ) ( ) ( )( ) ( )PdG t S t dt S t dZ x t rB t dt y tμ σ= + +




( )( ) ( ),f S t t G t= ( )6 (6)
( )( ) ( ),df S t t dG t= ( )7 (7)
が成立するように、ポートフォリオ (x(t), y(t)) は構築されなければならないので、(3),(5),(7) より、
dt の係数と dZP(t) の係数とが一致しなければならないので、
( ) ( ) ( ) ( )S t x t rB t y tμ + = ( ) ( )2 22212
f f fS t S t
t S S
μ σ∂ ∂ ∂+ +∂ ∂ ∂ ( )8 (8)
( ) ( )S t x tσ ( )f S t
S
σ∂= ∂ ( )9 (9)
が成立しなければならない。(9) より
15 資金自己調達的：無限小時間でのポートフォリオの価値の変化は、ポートフォリオを構成する各資産の価格
の変化 ( キャピタルゲインあるいはキャピタルロス ) によるもので、外部からの資金の投入あるいは引き上
げによらない。
時点 t− dt のポートフォリオが (x(t−dt),y(t−dt )) であったとする。このポートホリオの時点 t での評価額は、各
資産の時点 t の価格が (S(t),B(t)) であるから、S(t)x(t−dt)+B(t)y(t−dt) である。この評価額と資産価格体系
(S(t),B(t)) のもとに予算制約式 S(t)x(t) +B(t)y(t)=S(t)x(t−dt)+B(t)y(t−dt) を満たすように時点 t の新しいポート
フォリオ (x(t), y(t)) に組み替える。




                                         
                                         0
=dS(t)x(t)+dB(t)y(t)
が成立する。
16 したがって、ポートフォリオ (x(t), y(t)) が、資金自己調達的であるとき、 
[ ] ( ) ( ) ( ) ( ) ( ) ( ) ( ) ( ) ( ) ( ) ( ) ( )
0 0
0, , 0 0 0 0
t t




( )x t ( )( ),f S t t
S
∂= ∂ ( )10 (10)
である18。
(4), (6), (10) より
ff Sx By S By
S





∂⎛ ⎞−⎜ ⎟∂⎝ ⎠= ( )11 (11)
である。
(10), (11) を (8) の左辺に代入すると
ff Sf SS rB
S B
μ






f f fS S t
t S S
μ σ∂ ∂ ∂+ +∂ ∂ ∂
よって、ブラック＝ショールズ＝マートンの偏微分方程式
( )2 22212
f f frS S t rf
t S S




( ) ( ) ( ) ( )PdS t S t dt S t dZ tμ σ= + ( )1 (1)
に従い、無リスクのマネー・マーケット・アカウントの価格 B(t) は、
( ) ( )dB t rB t dt= ( )2 (2)
に従うとする。このとき、ヨーロッパ型条件付き請求権の価格 f (S(t),t) は、ブラック＝ショー
ルズ＝マートンの偏微分方程式
( )2 22212
f f frS S t rf
t S S
σ∂ ∂ ∂+ + =∂ ∂ ∂ ( )12 (12)
と終端条件 f (S(T),T) =	Φ(S(T)) : 満期ペイオフ19 (13)




19 ヨーロッパ型条件付き請求権の満期時のペイオフ f (S(T),T) は、原資産の満期時の価格 S(T) とペイオフとを
関連付ける数式 Φ(S(T)) によって契約のなかで定められる。
( )( ) ( )( )
( )( ) ( )
( )( ) ( )
( ) ( )
max ,0 : - :
, max ,0 - :
:
S T K K
f S T T S T K S T K
S T F F
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を満たす。
命題 （ニュメレールに関する不変定理）
ポートフォリオ (x(t), y(t)) が資産価格体系 (S(t),B(t)) について資金自己調達的であるための必







⎜ ⎟⎜ ⎟⎝ ⎠  について資金自己調達的であることである。
証明　ポートフォリオ (x(t), y(t)) が資産価格体系 (S(t),B(t)) について資金自己調達的であると
すると
( ) ( ) ( ) ( ) ( ) ( ) ( ) ( ) ( ) ( ) ( ) ( )
0 0
0 0 0 0
t t
S t x t B t y t S x B y x dS y dBτ τ τ τ+ = + + +∫ ∫
すなわち
( ) ( ) ( ) ( )( ) ( ) ( ) ( ) ( )d S t x t B t y t x t dS t y t dB t+ = +
( ) ( ) ( ) ( ) 0S t dx t B t dy t⇔ + =
が成立する。このとき、
( )
( ) ( ) ( )
( )
( ) ( )
( )
( ) ( ) ( )
( )
( ) ( ) ( ) ( ) ( ) ( ) ( )( )
( )




S t S t S t
d x t y t d x t dx t dy t
B t B t B t
S t S t
d x t S t dx t B t dy t d x t
B t B t B t
⎛ ⎞ ⎛ ⎞+ ⋅ = + +⎜ ⎟ ⎜ ⎟⎜ ⎟ ⎜ ⎟⎝ ⎠ ⎝ ⎠
⎛ ⎞ ⎛ ⎞= + + =⎜ ⎟ ⎜ ⎟⎜ ⎟ ⎜ ⎟⎝ ⎠ ⎝ ⎠14444244443







⎜ ⎟⎜ ⎟⎝ ⎠  について資金自己調達的である。







⎜ ⎟⎜ ⎟⎝ ⎠  について資金自己調達的であるとすると
( )
( ) ( ) ( )
( )






tS t S S
x t y t x y x d
B t B B
ττ τ
⎛ ⎞+ = + + ⎜ ⎟⎜ ⎟⎝ ⎠∫
すなわち
( )
( ) ( ) ( )
( )
( ) ( )
S t S t
d x t y t d x t
B t B t
⎛ ⎞ ⎛ ⎞+ =⎜ ⎟ ⎜ ⎟⎜ ⎟ ⎜ ⎟⎝ ⎠ ⎝ ⎠
が成立する。
このとき、ポートフォリオ (x(t), y(t)) が資産価格体系 (S(t),B(t)) について資金自己調達的であ
ることを示す。
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( ) ( ) ( ) ( )( ) ( ) ( ) ( ) ( ) ( )( ) ( )
( )
( ) ( ) ( )
S t x t B t y t S t
d S t x t B t y t d B t d B t x t y t
B t B t
⎧ ⎫⎛ ⎞ ⎛ ⎞+ ⎪ ⎪+ = = ⋅ +⎜ ⎟ ⎜ ⎟⎨ ⎬⎜ ⎟ ⎜ ⎟⎪ ⎪⎝ ⎠ ⎝ ⎠⎩ ⎭
( )
( ) ( ) ( ) ( ) ( )
( )
( ) ( ) ( )
( )




S t S t
x t y t dB t B t d x t y t
B t B t
⎛ ⎞⎜ ⎟⎜ ⎟⎝ ⎠
⎛ ⎞ ⎛ ⎞= + + +⎜ ⎟ ⎜ ⎟⎜ ⎟ ⎜ ⎟⎝ ⎠ ⎝ ⎠144424443
( )
( ) ( ) ( ) ( ) ( ) ( )
( )
( )
S t S t
x t y t dB t B t x t d
B t B t
⎛ ⎞ ⎛ ⎞= + +⎜ ⎟ ⎜ ⎟⎜ ⎟ ⎜ ⎟⎝ ⎠ ⎝ ⎠
( ) ( ) ( )( ) ( ) ( )
dB t
S t x t y t dB t
B t
= +
( ) ( )
( )
( )
( ) ( )
( )
( )
( ) ( )
( )
( )




( ) ( ) ( ) ( )
( )
( )















S t S t
B t B t
dS t dS t dB tS t S t
S t S t B t
B t B t
B t x t dS t dB t














( ) ( ) ( )( ) ( ) ( ) ( ) ( ) ( ) ( )
( )
( ) ( )2
1dB t S tS t x t y t dB t B t x t dS t dB t
B t B t B t
⎛ ⎞= + + −⎜ ⎟⎜ ⎟⎝ ⎠






f f frS S t rf
t S S
σ∂ ∂ ∂+ + =∂ ∂ ∂ ( )12 (12)
と終端条件
f (S(T),T) =Φ(S(T)) : 満期ペイオフ (13)
を満たす解を f (S(t),t) とする。このとき、条件付き請求権の価格 f (S(t),t) は、ファインマン＝
カックの確率的表現 20
( )( ) ( ){ } ( )( )( ), exp Q tf S t t r T t E S T= − − Φ F ( )14 (14)
をもち、時点 t における条件付き請求権の価格 f (S(t),t) は、確率測度 Q のもと、満期時点 T 
における条件付き請求権のペイオフ Φ(S(T)) の条件付期待値 ( )( )( )Q tE S TΦ F  の割引現在価
20 舟木 [13] 定理5.16, pp.92-93, 長井 [27] 定理4.4.3, pp.123-124, 谷口・松本 [37] 3.5, pp.108-116.
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値 ( ){ } ( )( )( )exp Q tr T t E S T− − Φ F に等しい。
ここに、S(t) は確率微分方程式
( )dS t ( ) ( ) QrS t dt S t dZσ= + ( )15 (15)
を満たす。
証明 まず (14) の導出について
f (S(t),t) に伊藤の公式を適用すると
( )( ) ( ) ( )( )2 22 ,12 Q
f S t t
rS t dt S t dZ
S
σ∂+ +∂
( )( ) ( ) ( )
{






f S t t
r S t dt r S t dtdZ S t dZ
S
σ σ
⎛ ⎞∂ ⎜ ⎟+ + +⎜ ⎟∂ ⎝ ⎠
123 123




( )( ) ( )( ) ( ),, Qf S t trf S t t dt S t dZ
S
σ∂= + ∂
である。終端条件 (13) に留意しながら、両辺を t から T まで積分すると
( )( ) ( )( ) { }






T T s Q
t v t
S T f S t t rdu
f S s s









( )( ) { } ( )( ) { }exp , expT T st t tS T rdu f S t t rduΦ − = + −∫ ∫ ∫ ( )( ) ( ) ( ), Qf S s s S s dZ sS σ∂ ∂
測度 Q のもとで条件付期待値は
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( )( ) { } ( )( )exp ,TQ ttE S T rdu f S t t⎛ ⎞Φ − =⎜ ⎟⎝ ⎠∫ F






f S s s
E rdu S s dZ s
S
σ






















r rQ A dZ ds dPμ μσ σ
⎧ ⎫− −⎪ ⎪⎛ ⎞= − −⎨ ⎬⎜ ⎟⎝ ⎠⎪ ⎪⎩ ⎭∫ ∫ ∫ ( )tA∈F










⎧ ⎫− −⎪ ⎪⎛ ⎞= − −⎨ ⎬⎜ ⎟⎝ ⎠⎪ ⎪⎩ ⎭∫ ∫
と定義する。この確率測度の変換 P→Q をギルサノフ変換という。このとき、確率測度変換に
ついての Cameron-Martin- 丸山 -Girsanov の定理 21 より
( ) ( )
0
def tQ P rZ t Z t dsμσ
−= + ∫
と定義される確率過程 ZQ(t) は、確率測度 Q のもとで標準ブラウン運動（ウイナー過程）である。
すなわち、
ZQ(0) =0
r < s ≦ t<u ⇒ ZQ(u)−ZQ(t) と ZQ(s) −ZQ(r) は独立な確率変数
s t< ⇒ ( ) ( ) ( )( )2~ 0,Q QZ t Z s N t s− −
確 率 1 で 見 本 路 t ZQ(t) は 連 続 な し か し い た る と こ ろ 微 分 不 可 能 な 軌 道 で あ る。
( ) ( )Q P rdZ t dZ t dtμσ
−= + で定められた Q を実世界確率測度 P と同値な22 マルチンゲール測度
という。
また、シャープ・レーシオすなわち株式のリスク１単位あたりの超過収益率（リスクプレミア
21 V.Girsanov[14], 舟木 [13] 5.5, pp.94-98, 長井 [27] 定理2.6.3, pp.60-62, 谷口・松本 [37] 定理4.6.2, pp.145-146,
22 可測空間 (Ω, F) 上の 2 つの確率測度 P,Q に対して、∀A∈F, P(A)=0 ⇔ Q(A)=0 が成立するとき、P と Q は同
値という。





 は、リスクの市場価格と呼ばれている。Q − ウイナー過程 Z Q(t) は、
( ) ( )Q rdZ t dZ t dtμσ
−= +  であるから、
( ) ( ) ( ) ( ) ( ) ( )PdS t rS t dt rS t dt S t dt S t dZ tμ σ= − + +




rrS t dt S t dt dZ tμσ σ
−= + +
14424443
( ) ( ) QrS t dt S t dZσ= +   
である。 証了
命題  dS(t) = rS(t)dt + sS(t)dZQ	 (15)
S(t) = st  
を満たす原資産価格 S(T) の対数変換 logS(T) は、平均 ( ) ( )21log 2S t r T tσ
⎛ ⎞+ − −⎜ ⎟⎝ ⎠ 、分散
( )2T tσ − を持つ正規分布に従い





( ) ( ) ( ) ( ) ( ) ( )( )2 22log log1log 2
d S t d S t










dS t dS t
S t S t
 
= −   
 
( ) ( )( )21
2
QQrdt dZ t rdt dZ tσ σ= + − +
( ) ( )
{






rdt dZ t r dt r dtdZ t dZ tσ σ σ
⎛ ⎞
⎜ ⎟= + − + +⎜ ⎟⎝ ⎠14243 14243
( )21
2
Qr dt dZ tσ σ⎛ ⎞= − +⎜ ⎟⎝ ⎠
よって、
( ) ( ) ( ) ( ) ( )( )21log log
2
Q QS T S t r T t Z T Z tσ σ⎛ ⎞= + − − + −⎜ ⎟⎝ ⎠
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である。したがって、
( ) ( ) ( ) ( ) ( )( )21exp 2 Q QS T S t r T t Z T Z tσ σ⎧ ⎫⎛ ⎞= − − + −⎨ ⎬⎜ ⎟⎝ ⎠⎩ ⎭
確率測度 Q のもとで期待値 EQ(logS(T)) は




Q Q Q QE S T S t r T t E Z T Z tσ σ⎛ ⎞= + − − + −⎜ ⎟⎝ ⎠ 144424443
( ) ( )21log
2
S t r T tσ⎛ ⎞= + − −⎜ ⎟⎝ ⎠
確率測度 Q のもとで分散 V Q(logS(T)) は
( )( ) ( ) ( )( )( )( )2log log logQ Q QV S T E S T E S T= −
( ) ( )( )( ) ( )22 2Q Q Q
T t
E Z T Z t T tσ σ
−
= − = −
14444244443
よって
( ) ( ) ( ) ( )221log ~ log ,2S T N S t r T t T tσ σ⎛ ⎞⎛ ⎞+ − − −⎜ ⎟⎜ ⎟⎝ ⎠⎝ ⎠
 証了
命題 確率測度 Q の下での時点 T の株価 S(T) の平均値は
EQ(S(T)) = S(t)exp{r(T−t)}
であり、分散は
( )( ) ( )( ) ( )( )( )22Q QV S T E S T E S T= −
( ) ( ) ( ) ( ){ }{ }2 2 21exp 2 log exp 12S t r T t T t T tσ σ σ⎧ ⎫⎛ ⎞⎛ ⎞= + − − + − − −⎨ ⎬⎜ ⎟⎜ ⎟⎝ ⎠⎝ ⎠⎩ ⎭
である。
証明 logS(T) が正規分布に従い、
( ) ( ) ( ) ( )221log ~ log ,2S T N S t r T t T tσ σ⎛ ⎞⎛ ⎞+ − − −⎜ ⎟⎜ ⎟⎝ ⎠⎝ ⎠ であるので、定義によって
( ) ( ) ( ) ( ) ( )( )21exp 2 Q QS T S t r T t Z T Z tσ σ⎧ ⎫⎛ ⎞= − − + −⎨ ⎬⎜ ⎟⎝ ⎠⎩ ⎭は対数正規分布に従い、
( ) ( ) ( ) ( )221~ log ,2S T LN S t r T t T tσ σ⎛ ⎞⎛ ⎞+ − − −⎜ ⎟⎜ ⎟⎝ ⎠⎝ ⎠　である。
このとき、S(T) の分布関数は、
 季刊　創　価　経　済　論　集　　　　Vol. XLV, No. 1・2・3・4
( ) ( )( ) ( )( )log logF x P S T x P S T x= < = <







21 exp , 0
22
x



















u S t r T t
dF x d du
dx dx T tT t
σ
σπσ −∞
⎧ ⎫⎧ ⎫⎛ ⎞⎛ ⎞⎪ ⎪− + − −⎨ ⎬⎜ ⎟⎜ ⎟⎝ ⎠⎪ ⎪⎝ ⎠⎩ ⎭= −⎨ ⎬−− ⎪ ⎪
⎪ ⎪⎩ ⎭
∫








x S t r T t
d x
T t dxT t
σ
σπσ
⎧ ⎫⎧ ⎫⎛ ⎞⎛ ⎞⎪ ⎪− + − −⎨ ⎬⎜ ⎟⎜ ⎟⎝ ⎠⎪ ⎪⎝ ⎠⎩ ⎭= −⎨ ⎬−− ⎪ ⎪
⎪ ⎪⎩ ⎭






21 exp , 0
22
0 , 0
x S t r T t
x




⎧ ⎧ ⎫⎧ ⎫⎛ ⎞⎛ ⎞⎪ ⎪ ⎪− + − −⎨ ⎬⎜ ⎟⎜ ⎟⎪ ⎝ ⎠⎪ ⎪⎝ ⎠⎩ ⎭− >⎪ ⎨ ⎬= −−⎨ ⎪ ⎪⎪ ⎪ ⎪⎩ ⎭⎪
⎪ ≤⎩
である。
確率測度 Q のもとでの時点 T の株価 S(T) の期待値は
( )( ) ( )
0
Q dF xE S T x dx
dx
∞= ∫














⎧ ⎫⎧ ⎫⎛ ⎞⎛ ⎞⎪ ⎪− + − −⎨ ⎬⎜ ⎟⎜ ⎟⎝ ⎠⎪ ⎪⎝ ⎠⎩ ⎭= −⎨ ⎬−− ⎪ ⎪
⎪ ⎪⎩ ⎭
∫
( ) ( )21log ,
2put
S t r T tα σ⎛ ⎞= + − −⎜ ⎟⎝ ⎠
put






{ }expdx y dy xdy= =
x 0  ∞
y= logx −∞  ∞
であるから























⎧ ⎫−⎪ ⎪= −⎨ ⎬
⎪ ⎪⎩ ⎭∫








⎧ ⎫− + +⎪ ⎪= −⎨ ⎬
⎪ ⎪⎩ ⎭
∫










⎧ ⎫− + − + +⎪ ⎪= −⎨ ⎬
⎪ ⎪⎩ ⎭
∫










⎧ ⎫− + + −⎪ ⎪= − +⎨ ⎬
⎪ ⎪⎩ ⎭
∫










⎧ ⎫− + +⎪ ⎪= − +⎨ ⎬
⎪ ⎪⎩ ⎭
∫







β α βαβπ β
∞
−∞






βα⎧ ⎫= +⎨ ⎬⎩ ⎭





S t r T t
σσ⎧ ⎫−⎛ ⎞⎪ ⎪= + − − +⎨ ⎬⎜ ⎟⎪ ⎪⎝ ⎠⎩ ⎭
( ) ( ){ }exp log S t r T t= + −
( ) ( ){ }expS t r T t= −
である。このことは、次のようにして示すこともできる。
実際、いま、 ( ) ( ){ }exp QputY t Z tσ=  と置けば、伊藤の公式より
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Q Q Q Q
Q Q
dt
d ddY t Z t dZ t Z t dZ t
dZ t dZ t
σ σ= +
14243
( ){ } ( ) ( ){ }21exp exp ,
2
Q Q QZ t dZ t Z t dtσ σ σ σ= +
すなわち




t tQ Q QY t Y Z s dZ s Z s dsσ σ σ σ= + +∫ ∫ を得る。両辺に Q の下で
の期待値を取れば、




t tQ Q Q Q Q Q QE Y t E Y E Z s dZ s E Z s dsσ σ σ σ= + +∫ ∫
1444442444443
�����������








E Y E Z s dsσ σ
⎛ ⎞
⎜ ⎟= + ⎜ ⎟⎜ ⎟⎝ ⎠
∫ 1442443




tQ QE Y E Y s dsσ= + ∫
である。したがって、
( )( ) ( )( ) ( )( ) ( )( )







0 exp 0 exp0 1 1
tQ Q Q Q
Q Q Q Q Q
d d dE Y t E Y E Y s ds E Y t
dt dt dt
E Y E Z E E
σ σ
σ
⎧ = + =⎪








Q dE Y t dtE Y t
σ=




Q dE Y t dt CE Y t
σ= +∫ ∫
( )( ) 21log ,
2
QE Y t t Cσ= +
( )( ) 2 21 1exp exp exp ,
2 2
QE Y t t C t Cσ σ⎧ ⎫ ⎧ ⎫= + =⎨ ⎬ ⎨ ⎬⎩ ⎭ ⎩ ⎭
( )( ) 2
1
10 exp 0 exp exp ,
2
QE Y C Cσ⎧ ⎫= =⎨ ⎬⎩ ⎭142443
よって、 ( )( ) ( )( )2 2
1
1 1exp 0 exp ,
2 2
Q QE Y t t E Y tσ σ⎧ ⎫ ⎧ ⎫= =⎨ ⎬ ⎨ ⎬⎩ ⎭ ⎩ ⎭14243
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よって、 ( ){ }( ) 21exp exp 2Q PE Z t tσ σ⎧ ⎫= ⎨ ⎬⎩ ⎭
よって、
( )( ) ( )20 1exp 2Q Q QE S t E S r t Z tσ σ
⎛ ⎞⎛ ⎞⎛ ⎞= − +⎜ ⎟⎜ ⎟⎜ ⎟⎝ ⎠⎝ ⎠⎝ ⎠
( )20 1exp exp2
Q QE S r t Z tσ σ⎛ ⎞⎛ ⎞⎛ ⎞= −⎜ ⎟⎜ ⎟⎜ ⎟⎝ ⎠⎝ ⎠⎝ ⎠
( )( )20 1exp exp2 Q QS r t E Z tσ σ⎛ ⎞⎛ ⎞= −⎜ ⎟⎜ ⎟⎝ ⎠⎝ ⎠
{ } ( ) ( ){ }( )2 20 01 1exp exp exp 0 exp 02 2S r t t S rt S r tσ σ⎛ ⎞⎛ ⎞ ⎛ ⎞= − = = −⎜ ⎟ ⎜ ⎟⎜ ⎟⎝ ⎠ ⎝ ⎠⎝ ⎠
よって、
( )( ) ( ) ( ){ }expQE S T S t r T t= −
を得る。ところで、
( ) ( )2 2
0
Q dF xE S T x dx
dx



































⎧ ⎫−⎪ ⎪= −⎨ ⎬
⎪ ⎪⎩ ⎭∫
{ } { }
2
2







































y y y dyα α ββπ β
∞
−∞
⎧ ⎫− + −= −⎨ ⎬⎩ ⎭∫
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⎧ ⎫− + +⎪ ⎪= −⎨ ⎬
⎪ ⎪⎩ ⎭
∫
( ){ } ( )2 22 2 2
2 2








⎧ ⎫ ⎧ ⎫− + + −⎪ ⎪ ⎪ ⎪= −⎨ ⎬ ⎨ ⎬
⎪ ⎪ ⎪ ⎪⎩ ⎭⎩ ⎭
∫










α β βπ β
∞
−∞




{ }2exp 2 2 .α β= +
であるから、確率測度 Q のもとでの時点 T の株価 S(T) の分散 V(S(T)) は、
( )( ) ( ) ( )( )22Q QV S T E S T E S T⎡ ⎤= − ⎡ ⎤⎣ ⎦⎣ ⎦
{ }
22
2exp 2 2 exp
2
βα β α⎧ ⎫⎧ ⎫⎪ ⎪= + − +⎨ ⎨ ⎬⎬⎪ ⎪⎩ ⎭⎩ ⎭
{ } 22exp 2 2 exp 2
2
βα β α⎧ ⎫⎧ ⎫⎪ ⎪= + − +⎨ ⎨ ⎬ ⎬⎪ ⎪⎩ ⎭⎩ ⎭
{ } { }2 2 2exp 2 exp 2α β β α β= + + − +
{ }( )2 2exp 2 exp 1α β β= + −




( )( ) ( ) ( ){ }expQ tE S T S t r T t= −F
であった。これより、




S T S t
E
S t
⎛ ⎞−≈ ⎜ ⎟⎜ ⎟⎝ ⎠
F  ただし、
( ) ( )
( ) ( ]1,1
Q
t
S T S t
E
S t












⎜ ⎟−≈ ⎜ ⎟
⎜ ⎟⎜ ⎟⎝ ⎠
F
また、リスク資産である条件付き請求権の価格について (14) より、






S T f S t t
r T t E
f S t t
⎛ ⎞Φ −− = ⎜ ⎟⎜ ⎟⎝ ⎠
F
が、成立したので、











+=−   
 =























S T f S t t
E
f S t t
⎛ ⎞Φ −≈ ⎜ ⎟⎜ ⎟⎝ ⎠
F ただし、
( )( ) ( )( )






S T f S t t
E
f S t t










S T f S t t
T tr E
f S t t










無リスク資産であるマネー・マーケット・アカウントの価格過程 ( ){ } [ ]0,t TB t ∈ は
( ) ( )dB t rB t dt=
を満たす。
既述したように、確率測度 Q の下で、危険資産である株式の価格過程  ( ){ } [ ]0,t TS t ∈  は
( ) ( ) ( ) QdS t rS t dt S t dZσ= +
を満たし、危険資産である条件付き請求権の価格過程 ( )( ){ } [ ]0,, t Tf S t t ∈  は
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( ) [ ]0,t T
S t
B t ∈






( ) ( )
( )
( )
( ) ( )
S t S t
B t B tS t
d dS t dB t
B t S t B t
⎛ ⎞ ⎛ ⎞∂ ∂⎜ ⎟ ⎜ ⎟⎛ ⎞ ⎝ ⎠ ⎝ ⎠= +⎜ ⎟⎜ ⎟ ∂ ∂⎝ ⎠
( )
( )
( ) ( )( )
( )
( )
( ) ( ) ( ) ( )
( )
( )






S t S t S t
B t B t B t
dS t dS t dB t dB t
S t B tS t B t
⎛ ⎞⎛ ⎞ ⎛ ⎞ ⎛ ⎞∂ ∂ ∂⎜ ⎟⎜ ⎟ ⎜ ⎟ ⎜ ⎟⎜ ⎟⎝ ⎠ ⎝ ⎠ ⎝ ⎠+ + +⎜ ⎟∂ ∂∂ ∂⎜ ⎟⎜ ⎟⎝ ⎠
( ) ( )
( )
( ) ( ) ( )( ) ( ) ( ) ( )
( ) ( )
( ) ( )( )
2 2
42 2
1 1 10 +2 2
2
S t S t B t
dS t dB t dS t dS t dB t dB t
B t B t B t B t
⎛ ⎞−= − + ⋅ +⎜ ⎟⎜ ⎟⎝ ⎠
( ) ( )
( )
( ) ( )
( ) ( )
( )
( )





1 S t dS t dB t S tdS t dB t dB t
B t B t B t B t
= − − +
64748
14243
( ) ( ) ( )( )
( )
( ) ( )2
1 Q S trS t dt S t dZ rB t dt
















S T S t S t
dZ












S T S t S t
E E dZ
B T B t B t
σ⎛ ⎞ ⎛ ⎞= +⎜ ⎟ ⎜ ⎟⎜ ⎟ ⎜ ⎟⎝ ⎠ ⎝ ⎠∫14444244443
F F
すなわち、














S T S t
E
B T B t
⎛ ⎞ =⎜ ⎟⎜ ⎟⎝ ⎠
F
　これは、確率測度 Q の下で、株式の相対価格過程 
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これは、確率測度 Q の下で、条件付き請求権の相対価格過程 
( )( )
( ) [ ]0,
,
t T
f S t t
B t
∈
⎧ ⎫⎪ ⎪⎨ ⎬⎪ ⎪⎩ ⎭
がマルチンゲールであることを示している25。
　このように、マネー・マーケット・アカウントをニュメレール（価値基準資産）とするとき、




行使価格 K 、満期 T なるヨーロピアン・コール・オプションの時点 t 現在の価格 c(t) は
( ) ( ) ( )( )( ) ( ){ } ( )( )( )1 2, exp ,c t S t N d S t t r T t K N d S t t= ⋅ − − − ⋅ ( )16  (16)
である28。ここに、N は標準正規分布 N(0,1) の分布関数であり、
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25 これは、現在時点 t までの情報 Ft をもとにして、将来時点 T の条件付き請求権の相対価格 
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26 Black, F. and M. Scholes[5] , Merton, Robert C.[25]
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⎧ ⎫= −⎨ ⎬⎩ ⎭∫  ：標準正規分布 ( )( )20, 1N  の分布関数（累積密度関数）で、その確率変数 X 
が x より小さい値をとる確率 Q(X < x) である。
29 行使価格 K、満期 T なるヨーロピアン・コール・オプションの価格 c(t) は、原資産の現在時点 t の価格 S(t),
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である。
命題（条件付き請求権の価格評価）より、行使価格 K 、満期 T なるヨーロピアン・コール・
オプションの価格 c(t) は
( ) ( ){ } ( )( )( )exp Qc t r T t E S T= − − Φ t
( ){ } ( )( ) )(exp max ,0Qr T t E S T K= − − − t
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利を放棄しペイオフはゼロになるから、積分も原資産価格が権利行使価格に相当する ε0 よりも上の部分 (ε0 < ε)
だけを積分区間とすればよい。 
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と置けば ε > ε0
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( ) ( ){ } ( )( )( )1exp , .S t r T t N d S t t= − ⋅
よって、
( ) ( ){ }{ } ( ){ }exp expc t r T t A r T t B= − − − − −
( ){ } ( ) ( ){ } ( )( )( )1exp exp ,r T t S t r T t N d S t t= − − ⋅ ⋅ − ⋅
( ){ } ( )( )( )2exp ,r T t K N d S t t− − − ⋅
( ) ( )( )( ) ( ){ } ( )( )( )1 2, exp ,S t N d S t t r T t K N d S t t= ⋅ − − − ⋅
である。  証了
8. プット・コール・パリティ
c(t) をヨーロピアン・コール・オプションの現在時点 t の価格、p(t) をヨーロピアン・プット・
オプションの現在時点 t の価格とする。この２つのオプションは共に同じ満期日 T 、同じ権利行
使価格 K を持ち、現在時点 t の株価が S(t) である同じ株式を原資産としている。満期日 T のこ
の株価を S(T)、額面1 円・満期 T の割引債の現在時点 t の価格を exp{r(T−t)}、連続複利運用さ
れる資金の利子率を r ( 一定 ) とする。
命題 （プット・コール・パリティ）
ヨーロピアン・コール・オプションの現在時点 t の価格 c(t) とヨーロピアン・プット・オプショ
ンの現在時点 t の価格 p(t) と間には、プット・コール・パリティと呼ばれる単純な理論関係




証明  つぎのような 2 つのポートフォリオ A, B を考える。
ポートフォリオ A : コールオプション 1枚買い・プット・オプション 1枚売り・割引債 K 枚買い
ポートフォリオ
A 単位
現在時点 t の 
キャッシュ・フロー
満期日 T の 
キャッシュ・フロー  
S(T) ≦ K
満期日 T の 
キャッシュ・フロー  
K ＜ S(T )
コールの買い 1 枚 -c(t) 0 S(T) － K
プット売り 1 枚 p(t) S(T)-K( ≤	0) 0
割引債の買い K 枚 -K・e － r(T － t) K・e － r(T － t)er(T － t)=K K・e － r(T － t)er(T － t)=K
ネット・キャッ
シュ・フロー -(c(t)-p(t)+K・e
r(T － t)) S(T ) S(T)
ポートフォリオ B : 株式（原資産）1単位買い
ポートフォリオ
B 単位
現在時点 t の 
キャッシュ・フロー
満期日 T の 
キャッシュ・フロー 
(S(T)) ≦ K
満期日 T の 
キャッシュ・フロー 
K ＜ S(T)
株式の買い  1 株 － (S(t)) S(T) S(T)
ネット・キャッ
シュ・フロー － (S(t)) S(T) S(T)
この２つのポートフォリオの満期 T のネット・キャッシュ・フローはともに S(T) で等しく、
しかも途中の期間 (t,T ) には一切資金の流出入はない。したがって、無裁定の条件のもとでは、
２つのポートフォリオの現在時点 t のキャッシュ・フローは等しくなければならないので、
( ) ( ) ( ){ }expc t p t K r T t− + ⋅ − − = ( )S t
が成立する。  証了
別証
( ) ( ) ( ){ } ( )exp max ,0Q tc t p t r T t E S T K⎡ ⎤− = − − −⎡ ⎤⎣ ⎦⎣ ⎦F
( ){ } ( )exp max ,0Q tr T t E K S T⎡ ⎤− − − −⎡ ⎤⎣ ⎦⎣ ⎦F
( ){ } ( ) ( )exp max ,0 max ,0Q tr T t E S T K K S T⎡ ⎤= − − − − −⎡ ⎤ ⎡ ⎤⎣ ⎦ ⎣ ⎦⎣ ⎦F
( ){ } ( )exp Q tr T t E S T K= − − ⎡ − ⎤⎣ ⎦F
( ){ } ( ) ( ){ }exp expQ tr T t E S T r T t K= − − ⎡ ⎤ − − −⎣ ⎦F
{ } { }
( )
( ) ( ){ }
1
exp exp expQ t
B T
rt E rT S T r T t K
⎡ ⎤
⎢ ⎥




{ } ( )( )
( )
( )




rt E r T t K
B T
⎡ ⎤= − − −⎢ ⎥
⎣ ⎦1442443
F
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確率測度 Q の下で、株式の相対価格過程 
( )
( ) [ ]0,t T
S t
B t ∈
⎧ ⎫⎪ ⎪⎨ ⎬⎪ ⎪⎩ ⎭
はマルチンゲールであるから、








rt r T t K
B t
= − − −
( ) ( ){ }expS t r T t K= − − −
 証了
命題（ヨーロピアン・プット・オプション 32 の価格に関するブラック＝ショールズの公式）
行使価格 K 、満期 T なるヨーロピアン・プット・オプションの時点 t 現在の価格 p(t) は
( ) ( ) ( )( )( ) ( ) ( )( )( )2 1, ,r T tp t e K N d S t t S t N d S t t− −= ⋅ − − ⋅ −
である。ここに、N は標準正規分布 N(0,1) の分布関数であり、
( )( ) ( ) ( )21 1 1, log 2
S t
d S t t r T t
KT t
σσ
⎛ ⎞⎛ ⎞ ⎛ ⎞= + + −⎜ ⎟⎜ ⎟ ⎜ ⎟⎜ ⎟− ⎝ ⎠⎝ ⎠⎝ ⎠
( )( ) ( )( )2 1, ,d S t t d S t t T tσ= − −
である33。
証明
ヨーロピアン・コール・オプションの時点 t 現在の価格 c(t) についてのブラック＝ショールズ
の公式
( ) ( ) ( )( )( ) ( ){ } ( )( )( )1 2, exp ,c t S t N d S t t r T t K N d S t t= ⋅ − − − ⋅ ( )16 (16)
とプット・コール・パリティ
( ) ( ) ( ){ } ( )expc t p t K r T t S t− + − − = ( )17 (17)
とから、ヨーロピアン・プット・オプションの時点 t 現在の価格 p(t) は、
( ) ( ) ( ){ } ( )expp t c t K r T t S t= + − − −
( ) ( )( )( ) ( ){ } ( )( )( )1 2, exp ,S t N d S t t r T t K N d S t t= ⋅ − − − ⋅ ( ) ( )r T tKe S t− −+ −
( ) ( )( )( )( )1 , 1S t N d S t t= − ( ){ } ( )( )( )( )2exp , 1r T t K N d S t t− − − ⋅ −
( ){ } ( )( )( )( ) ( ) ( )( )( )( )2 1exp 1 , 1 ,r T t K N d S t t S t N d S t t= − − ⋅ − − −
( ){ } ( )( )( )2exp ,r T t K N d S t t= − − ⋅ − ( ) ( )( )( )1 ,S t N d S t t− −
 証了
32満期 T に、原資産を行使価格 K で売却する権利をオプションの買い手に与える
33 行使価格 K 、満期 T なるヨーロピアン・コール・オプションの時点 t 現在の価格 p(t) は、原資産の現在時点
t の価格 S(t), 行使価格 K, 満期 T, 安全利子率 r, および原資産価格のボラティリテイー s の 5 つのパラメーター
に依存してきまる。原資産の瞬間的期待収益率 m には依存しないことに注意しよう。
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命題 ( フォワード価格 K の決定 )
原資産の時点現在 t の価格 S(t), 満期 T, 無リスク利子率 r とすると、フォワード価格 34  F(t,T ) は、
( ) ( ) ( ){ }, expF t T S t r T t= −
である。
証明
条件付き請求権の価格 f (S(t),t) の確率的表現は、
( )( ) ( ){ } ( )( )( ), exp Qf S t t r T t E S T= − − Φ t  (14)
であったから、
先渡し契約の価値 f (S(t),t) の確率的表現は、
( )( ) ( ){ } ( )( ), exp Qf S t t r T t E S T K= − − − t
である。一方、先渡し契約の成約時点 t の価値 f (S(t),t) は
( )( ), 0f S t t =
であるから35、
( ){ } ( )( )0 exp Qr T t E S T K= − − − t
r T t E S T r T t K= − − ⋅ − − − ⋅( ){ } ( )( )




S t r T t−

t
( ){ } ( ) ( ){ } ( ){ }exp exp expr T t S t r T t r T t K= − − − − − − ⋅
( ) ( ){ }expS t r T t K= − − − ⋅
よって、フォワード価格 K は、
( ) ( ){ }expK S t r T t= −
K は、時点 t に成約する満期 T の先渡し契約についての受渡価格であるから、
( ),
put
F t T K=
と置くと
( ) ( ) ( ){ }, expF t T S t r T t= −
が成立する。
 証了
34 フォワード価格とは、満期日 T に原資産の受け渡しを現在時点 t で契約する際の受渡価格である。
35 先渡し契約は契約時点 t で資金の授受を伴わない取引であるから、K は、契約時点 t において先渡し契約の
価値 f (S(t),t) がゼロとなるように決められる。
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Easy Credit Policy, Banking Crises,  
and Recapitalization Policy of a Central Bank
Ichiro TAKAHASHI* and Isamu OKADA †
Abstract: This paper explores whether easy credit policy on the part of commercial banks 
or unfavorable macroeconomic condition is more responsible for a systemic failure in a banking 
system. It also pursues the question of how promptly a central bank should inject capital into a 
commercial bank that faces a default crisis. To address these questions, we construct an agent-
based model of asset and financial markets that consist of asset traders, commercial banks and a 
central bank. Our simulation results show that microeconomic factors, e.g., easy credit policy of 
individual banks, are more responsible than negative macroeconomic shocks in inducing a systemic 
banking crisis. We also find the commercial banks have an incentive to loosen their credit policies, 
which will lead to rapid credit expansion, and eventually to a systemic crisis through asset bubble. 
This result suggests the need for prudential regulation of commercial banks.
1. Introduction
There has been a surge of bank insolvencies since the late 1970s. Capiro and Klingebiel (1997) 
note that “(banking crises are) in many cases widespread enough to qualify as systemic1.” In fact, 
Caprio and Klingebiel (2003) reveal that 117 systemic banking crises have occurred in 93 countries, 
in a variety of industrial and developing countries during 1975-99. If the worst happens, a series of 
banking failures may trigger deﬂation. The Great Depression and Japan’s recent deﬂation teach us a 
lesson that deﬂation is not only devastating to the economy but also interminable once it starts.
Japan, was ailed by vicious deflationary spiral: Bad loans caused deflation and the deflation 
generated further bad loans 2. Although banking crises may not cause deflation, they certainly 
*  Faculty of International Liberal Arts, Soka University, 1-236 Tangi, Hachioji City, Tokyo, 192-8577, 
Japan, itak@soka.ac.jp
† Faculty of Business Administration, Soka University, okada@soka.ac.jp
1  Caprio and Klingebiel (1997) define bank insolvency as systemic “if loan losses are sufficient to wipe 
out the system’s capital.”
2  Zero interest rate policy boosts the demand for cash holding, which urges firms with excessive debts 
to make debt repayment. In order to prepare sufficient cash for repayment, these firms are forced to 
sell off their real assets, and to reduce investment spending. These decisions may be rational from an 
individual firm’s point of view because the values of real assets and the return on investment are falling, 
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make it worse. In fact, “in single crisis countries, inﬂation usually falls once a banking crisis starts. 
Inﬂation almost always falls further when a banking crisis ends3.”
Caprio and Klingebiel (1996) find the resolution of bank insolvency to be very expensive, 
placing a heavy burden on the country and on the government’s budget. When systemic banking 
failures break out, “they can drain a country’s financial, institutional, and policy resources-resulting 
in large losses, misallocated resources, and slower growth4.” During 1992-2002, the total cost that 
Japanese banks spent to write off their bad loans amounted to 88 billion yen, or 16 percent of GDP.5 
Caprio and Klingebiel (1997) also note that “Argentina in the early 1980s likely saw the largest 
relative loss (estimated variously at 20-55 percent of GDP), with Chile not far behind (1302 percent 
of GDP).”
The bursting of asset price bubbles often triggers banking failures. Before it is publicly 
acknowledged that banks are insolvent, there is a phase in which the banks sharply accumulate a 
large number of non-performing loans on their balance sheets, as pointed out by Claessens, Djankov 
and Mody (2001), Claessens, Klingebiel and Laeven (2001) and Beim (2001). Claessens, Djankov 
and Mody (2001) further notes that “this situation is often accompanied by generally depressed 
asset prices, such as equity and real estate prices, following typical run ups before the crisis, sharp 
real interest rate increases, and a slowdown of or reversal in capital ﬂows.”
Typically, money, created by banks flows into stock and property markets, drives up asset 
prices and stimulates an economy. Autonomous reversal of trend or a change in monetary policy 
causes the bubble to burst, thus precipitating stock and real estate prices. As a result, the balance 
sheets of companies, individuals, and commercial banks, are substantially damaged. This means 
that there are serious shortages of capital for banks. Since banks are major providers of risk money 
for businesses, this will result in considerable decline in investment6. One of the insightful papers 
by Kobayashi (2003b) points out “assuming that the banks need to hold liquid assets to produce 
transaction services associated with the deposits, the growth of unbacked deposits forces banks to 
increase their holdings of liquid assets and to decrease loans to firms.” Such a situation is seriously 
detrimental to an economy as a whole. Thus, preventing or alleviating financial distress is crucially 
important for the health of an economy.
but only worsening deation. Facing the surge in defaults and bad loans, the monetary authority decides 
to adopt zero interest policy to help banks, burdened with enormous non-performing loans. For more 
detailed explanation about debt deation and a systemic banking crisis in Japan, see (Kobayashi (2003a) 
and (2003b))
3  Boyd, et.al. (2001)
4  Capirio and Klingebiel (1997)
5  For more details, refer to the official home page of Financial Services Agency, http://www.fsa.go.jp/.
6  For more detailed argument, see for example, Stiglitz and Greenwald (2003).
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Effort has been made to identify a single cause of banking crises. Economy-wide factors, 
including recessions, certainly place tension on weak banks. As other causes of bank insolvency, 
Caprio and Kliengebiel (1997) list general uncertainty, asymmetric information, speculative 
bubbles, and financial liberalization. The paper also cites a variety of regulatory and bank-specific 
management factors and emphasizes that “the evidence both undermines single-cause theories 
of insolvency and finds a more important role for microeconomic factors than is commonly 
conceded.”
Macroeconomic factors we will focus on in this paper are liquidation and credit standards. Since 
liquidating borrowers with non-performing loans is difficult and costly, banks that are in trouble 
have incentive to delay liquidation, and thereby continuously loan out even when the interest 
payments from the distressed debtors are unpaid. The resulting tendency for the insolvent banks 
to forbear from liquidation would increase their losses. Risky incentive may exist even in the good 
time. For example, a strong macroeconomic climate can easily erode prudent banking discipline by 
weakening necessity for strict credit standard.
By building an agent-based simulation model with asset traders and a single commercial 
bank, and a central bank, Takahashi and Okada (2003) obtain the following results: (1) the more 
restrictive loan supply policy banks adopt, the more stable and sustainable the economy becomes; 
(2) the central bank’s intervention in the financial market is likely to improve the performance of 
the economy if the commercial banks adopt loose loan supply and non-performing loan policies; (3) 
the intervention tends to be ineffective, or even harmful, if the commercial banks adopt stringent 
loan supply rules and prompt liquidation policies. These results suggest that microeconomic factors, 
rather than macroeconomic factors, are likely to be the key to triggering a banking crisis. However, 
explicit comparisons need to be made to discern which factors are more fundamental.
This paper aims to answer the following questions: what causes banking system to collapse? In 
particular, which factor is more essential for the health of a banking system: decline in credit and 
liquidation standards, or unfavorable macroeconomic conditions? What will happen when banks 
interact with each other in determining degrees of prudence? We also address the question of 
what the appropriate recapitalization policy would be for preventing the banking failures. We will 
further investigate when recapitalization is effective and preventive against the recurrence of bank 
insolvencies. The answers to these questions will help to shed some light on microeconomic factors 
which induce the health of a banking system, and thereby provide a hint on regulatory framework 
that allows banks to respond more robustly to macroeconomic shocks.
To serve these purposes, we construct an agent-based simulation model with asset traders, 
commercial banks and a central bank. The model both extended and simplified Takahashi and 
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Okada (2003): first, in order to examine the effect of bank-specific management policies, the model 
incorporates a multiple number of commercial banks; second, unessential details are omitted, e.g., 
removing cash holdings by households, to keep the model simple.
In this artificial economy, there are a number of proprietors who buy or sell land in an asset 
market. They also determine the level of consumption depending on their incomes and wealth. In 
order to design an economic environment that is prone to asset price bubbles, the proprietors are all 
modeled as trend-chasers in the way they forecast the future prices of assets. Each commercial bank 
lends funds to prospective buyers of assets by creating bank deposits, which are the only means of 
settlement, i.e., money. The economy either exports the surplus of consumption goods, or imports 
its shortage, which is settled by the commensurate in ﬂow or outﬂow of short term securities. Since 
the size of these ﬂows determines the excess supply or demand of the securities, it affects the rate 
of interest.
The simulation results obtained in the paper are as follows: (1) microeconomic factors are 
more important than macroeconomic factors for the robustness of a banking system; (2) the 
wider disparity of prudence the banks adopt for credit and liquidation standards, the more fragile 
the banking system becomes; (3) given the credit and liquidation standards of other banks, it 
is in the interest of one bank to decline the standards prior to the peak of asset prices; (4) this 
means that there is a situation of prisoner’s dilemma in which individual banks are motivated to 
relax the standards, resulting in rapid credit growth; (5) this suggests the necessity for either the 
coordination or regulation of individual banking rules.
Section 2 describes the agent-based model, Section 3 presents simulation results, and Section 4 
discusses the results and future extensions. Section 5 concludes.
2. The Basic Model
Consider a small economy which consists of N proprietors, M commercial banks, and a central 
bank. The model allows of two interpretations: a small country and an isolated region in a country. 
In the former case, we need to assume that this economy adopts a pegged exchange rate system 
at the rate of unity with global currency. In the latter case, a central bank should be replaced by 
a branch of a central bank. In what follows, we regarded the economy as a small country. For the 
latter interpretation, foreign exchanges should be taken as short term domestic securities.
In this economy, there is only one kind of goods that people value, namely, the composite 
consumption commodity (the consumer goods). We assume that there exists neither tax nor 
government expenditure. There are two types of production factors, labor and land. The economy 
is endowed with N lots of land. Each proprietor works to produce W units of the consumer goods 
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every period. A proprietor can sell and buy land in an asset market. One lot of land produces R units 
of the consumer goods every period. The consumer goods are perishable and have the world price 
fixed at unity.
All transactions among the proprietors must be mediated by bank deposits. The proprietors are 
either not allowed to hold foreign exchanges or to lend or borrow among themselves directly. Each 
bank accepts deposits from their customers. For simplicity, we assume that each of the customers 
can not choose her bank for a geographical reason. Each proprietor can buy land from a seller in 
exchange for the bank deposit. Thus, the settlement of this transaction is made by changing the 
holder of the bank deposit. As a consumer, every proprietor determines how much to spend on the 
consumer goods. The difference between her income and consumption appears as a change in the 
amount of her bank deposit. In general, the supply of and demand for the consumer goods for the 
economy as a whole do not balance, causing trade imbalance, which is financed by a ﬂow of foreign 
exchanges.
Time is discrete and the economy continues until period T (t = 1, 2, ..., T). In each period, the 
real estate and financial markets open, and transactions of land and funds are made, revising the 
land price and the interest rate.
2.1 Proprietors
Proprietors i owns Lnit units of land in time t. For expositional convenience, the consumer goods 
produced by one unit of land is referred to as rent and those produced by a worker as wage. For 
later reference, let I = { 1, 2, ... , N} denote the set of all the proprietors.	Each proprietor possesses 
at time t, bank deposit, DPit. A negative value of DPi implies that she has borrowed a loan of the 
absolute value of DPi dollars from the bank. A landlord revises the disposable value of the lots she 
owns, ASit , as
ASit = PtLnit, (1) (1)
where Pt represents the market price of land. Net equity of Proprietor i is given by
Eit = DP it + ASit . (2) (2)
This gives the equity ratio of Proprietor i as ERi = E
i
ASi+max(DP i,0) .  .
The balance sheet of a proprietor with positive bank deposit DP > 0  becomes:
Table 1: Balance sheet of proprietor with deposit
Assets Liabilities + Equity





 季刊　創　価　経　済　論　集　　　　Vol. XLV, No. 1・2・3・4
The balance sheet of a proprietor who has borrowed from bank (DP < 0) is:
Table 2: Balance sheet of proprietor with loan
Assets Liabilities + Equity
Land (AS) Loan Outstanding (-DP) 
Equity (E)
Total (AS) Total (-DP+E)
Each proprietor receives interest income or makes interest payment depending on whether her 
bank account is positive or negative. Let r  denote the rate of interest on deposit and that of loan by 
r�. Net interest income of Proprietor i, Ii, is given by
I it(DP it ) =
� r�DP it for DP it < 0
rDP it for DP it ≥ 0. (3)
 (3)
Thus, the income of Proprietor i in period t, Y it , depends on the number of lots she owns and the 
amount of outstanding deposit or loan. This is shown as
Y it (Lnit, DP it ) = W + I it(DP it ) + R× Lnit + I it(DP it ) (4) (4)
The level of consumption is assumed to be dependent on income, Yt, and net wealth, Et as 
follows:
Ct = αycYt + βecEt, (5) (5)
where αyc  and βec  denote marginal propensities to consume out of income and net wealth, 
respectively.
2.2 Commercial Banks
We assume that each of M bank takes interest rates as exogenously given as a result of 
competition. The rate of interest changes according to the volume of the excess demand for funds in 
the financial market. Each bank buys foreign exchanges if there is excess supply of funds, and sells 
them if there is shortage of funds. Thus holding of foreign exchanges can be positive or negative. 
The positive holding means the economy provides short-term capital to the foreign country while 
the negative holding means borrowing. The bank also has a deposit account at the central bank, 
denoted by Res. Just like an individual proprietor uses her bank deposit as means of payment, an 
individual bank uses its deposit as means of payment to the other banks. For simplicity, we assume 
that the banks try to keep the balance of their accounts at minimum by swapping them for foreign 
exchanges.
The absolute value of sum of min(0, DPi) is the loan outstanding (Lj) for each bank. The deposit 
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outstanding DPj is defined similarly. We assume that the banks hold foreign exchanges, denoted by F, 
in the form of short term securities which bear interest.
The balance sheet for the bank, with positive holdings of both foreign exchanges and Res 
appears as:
Table 3: Balance sheet of commercial bank
Assets Liabilities+Capital
Loan Outstanding (Lj ) Deposit Outstanding (DPj)
Land (AS)
Foreign Exchanges (F ) Capital (E)
Reserves (Res)
Total (L + AS + F + Res) Total (DP + E )
Here, we assume that the interest rate on deposits are equal to that on foreign exchanges, which 
positively depends on the sum of their amounts held by the banks:









where r0  denotes the average interest rate, and C0 the average level of consumption, respectively. 
Since loans to domestic investors involve risk of bankruptcy, the banks charge higher interest rates 









where Λ  denotes the set of liquidated borrowers.
Bank j sets a liquidation rule, Eˆj , which is the minimum level of net deposit such that each 
of their customers goes bankrupt when her capital level falls short of it. Liquidating distressed 
borrowers is needed for banks to raise liquidity. Asymmetric information and opacity involved 
in bank loans, however, often force a bank to sell off assets at much lower price than they could 
without them. To reflect this cost, each bank incurs liquidation cost, LQ, for each occurrence of 
bankruptcy. Bank j also sets across the board credit limit, ˆDP j , for all of their customers. As long 
as a borrower keeps the amount of her outstanding loan below this credit limit, the bank does not 
demand the reimbursement of the principal of the loan.
The bank makes a landlord to sell one unit of land when her balance sheet is badly damaged 
due to insufficient income or expected decline in the land price, represented as follows:
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DP it + Y it − Litmax(0, Pt−4 − Pt−1) < ˆDP j. (8) (8)
The third term on the left hand side signifies the expected capital loss. This rule can be interpreted 
as a defensive behavior, voluntarily taken by the landlord.
In general, generous credit standard, i.e., the large value of ˆDP j , will incur downside risk of 
decreased liquidation value due to the continuously declining land price. Meanwhile, strict credit 
standard may deprive the borrower of the chance to get over the financial adversity. Credit limit 
depends on the financial condition of the bank itself. A bank with adequate capital is willing to take 
risks whereas a bank with inadequate capital becomes reluctant to lend funds. This is the so called 
“restricted lending” problem. In an extreme case, the bank forces borrowers to pay back the loan 
to collect the funds it has lent. The level of loan affordability depends on the capital ratio of the bank 
and takes on value zero if the capital ratio, ERbt , stays below ERbmin and takes on the maximum value 
DP j* if it is above ER
b





0 for ERbt < ERbmin




for ERbmin ≤ ERbt < Ebmax




For obviating a banking crisis, the credit limits turn out to be crucially important.
2.3 Supply of and Demand for Land
How attractive the land is relative to financial assets determines the supply of and demand for 
land. In each period, a proprietor can sell or buy a single unit lot of land. The banks obtain land 
whenever they liquidate collateral for the non-performing loans. After transferring the ownership of 
the collateral by directly writing off the bad loans, the banks try to sell off the land. We assume that, 
in each period, an individual bank is allowed to sell off no more than Sb units of land when the land 
prices are falling.
　　In the land market, characterized as monopolistic competition, a seller adjusts the price 
gradually, with πL as the speed of adjustment, based on excess demand for the land, G.
Gt = Pt Dt − St




Pt = πLGt + Pt−1. (11) (11)
where St denotes the supply of land and Dt the demand.
The description of land transaction is omitted since we follow Takahashi and Okada (2003) in 
determining the proprietors’ supply and demand.
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2.4 The Central Bank and Recapitalization
The central bank should decide when to inject capital into the banks. We assume that the 
monetary authority conducts recapitalization by providing an exogenously fixed amount of 
foreign exchanges,
p
Fˆ , to banks in trouble, i.e., when the bank’s capital ratio falls short of some 
predetermined level, EˆR.
2.5 Income Redistribution
In this economy “laissez-faire” policy would result in extremely unequal distribution of income 
and property. As a result, the asset market becomes increasingly thinner, and thereby extremely 
volatile. This requires us to install some income redistribution device. Here, let us introduce 
property tax. Any proprietor who owns more than or equal to two lots of land must pay τ  percent 
of property tax for each additional land in excess of one lot. This tax revenue is equally distributed 
among all the proprietors.
3. Simulation
This section describes the initial setting of parameters and presents simulation results.
3.1 Initial Setting
Each proprietor initially possesses one unit of land, i.e., Li0 and deposits outstanding DPi0 , 
which is uniformly distributed between $－5000 and $0. Table 4 shows the initial values of other 
parameters.
Table 4: Initial setting of parameters
N 100 M 2 W 500 R 500
T 100 r0 0.05 r¯0 0.05 r�0 0.07
αcy 0.9 βce 0.03 C0 1000 LQ 8000
ERbmin 5000 ERbmax 5ERbmin Sb ∞ πL 0.1
p
Fˆ 300000 EˆR 0.03 τ 0.05 Eˆ 0.0
3.2 Reference Trends
Suppose that each of the banks can take either prudent or imprudent banking rules. To 
examine the effects of these microeconomic factors, we set two pairs of parameters as Rule1 and 
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Rule2 : (1) Rule1 = ( Eˆj = －0.0, ˆDP j  = －5,000); and (2) Rule2 = ( Eˆj = －10,000, ˆDP j  = －20,000).
First, we conduct simulation for two scenarios: The both banks follow (1) Rule1; and (2) Rule2. 
Figure 1 and Figure 2 plot the sample trends of the observation indices: the land price, the rate of 
interest, the money supply, and the bank’s capital ratio for each of these rules.
Second, in order to investigate how individual banks interact among themselves, we will focus 
on the credit limits. Fixing liquidation rule at Eˆj  = 0, each individual bank chooses ˆDP j  from the 
parameter space, {－5, －10, －20, －∞ } × 103.  Table 5 shows the period at which the central 
bank depletes all the capital.
Table 5: The length of periods central bank survives
ˆDP 1 = －5,000 －10,000 －20,000 －∞
ˆDP 2 =－5,000 ∞ 409 158 9
－10,000 - 845 125 36
－20,000 - -   58 21
－∞ - - - 27
Next, we assume that there is once and for all change in the value of W. W is kept at 500 during 
first 50 periods, and reduced to 0.0 and kept at this level thereafter. This huge reduction in W is to 
capture a substantial macroeconomic shock. The Figure 3 shows the trends of major observation 
indices when the both banks follow Rule1. We will take a closer look at the case with ( ˆDP 1 , ˆDP 2 ) 
= (－8, －10) × 103.  Figure 4 shows the trends of the land prices, and the loans outstanding of the 
two banks. Furthermore, fixing ˆDP j = －20,000 for the both banks, we also conducted a series of 
experiments with two different values of Sb, i.e., {3, ∞ } to examine the effect of liquidation speed 
on the land price and the money supply. See Figure 5.
The final experiment is conducted to answer the following question: Should a central bank 
conduct recapitalization in a preemptive manner, or only after a banking crisis becomes obvious? 
Figure 6 plots the land price and the bank capital ratios for (1) EˆR  = 0.10, and (2) EˆR  = 0.03.
4. Discussion
4.1 Macroeconomic versus Microeconomic Factors
As stated earlier, both macroeconomic and microeconomic factors involve systemic banking 
crises. In this paper, the credit and liquidation standards represented by Eˆj and ˆDP j  are among 
these microeconomic factors. Figure 1 shows that the prudent banking policy maintains the health 
of both the banks and the economy. This is because good credit discipline provide good business 
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environment by keeping the money supply fairly constant. In contrast, imprudent credit rule causes 
asset price bubbles and resulting in banking crises as shown in Figure 2. With prudent banking 
rules, the land prices and the money supply are fairly stable. Consequently, there is no need for 
capital injection. In Figure 2, the movement of the land prices and the money supply are more 
volatile. This result verifies the observation by Caprio and Kliengebiel (1997): “Rapid credit growth 
often leads to or reﬂects a decline in the credit standards of individual banks.” As a result, banking 
crises recur.
On the other hand, the substantial decline in wage rate corresponds to a macroeconomic 
shock. Which of these factors are more potent causes of banking crises? Figure 2 and 3 allows us 
to compare banking policies with macroeconomic shocks. Figure 3 indicates that, when the both 
banks adopt prudent standards, the banking system remains healthy even when quite a large 
macro shock hits the economy. The comparison appears to suggest that microeconomic factors 
are key factors for banking crises. Prudent risk taking considerably makes a banking system 
robust to macroeconomic shocks. This result implies that with imprudent credit and liquidation 
rules, even a minor macroeconomic shock is likely to result in banking failures. This is because 
the imprudent banking is like throwing fuel on a fire. It causes rapid credit growth and results in 
soaring asset prices. This, in turn, damages the balance sheets of the proprietors, and those of the 
banks eventually. This finding is consistent with historical evidence as Caprio and Klingebiel (1997) 
remark: “although macroeconomic factors are important, microeconomic and incentive factors 
likely are key to determining the magnitude of banking problems and in some cases are even the 
main cause.”
4.2 Incentive for Declining Standards
Table 5 shows that substantial disparity in the credit limits would cause the failures of banking 
system. Let us focus on two levels of credit limit, i.e., {50, 10} ~ 103. A bank with imprudent banking 
has far better chances to survive;  the imprudent bank outperforms the other bank with prudence. 
The customers transacting with an imprudent bank can take advantage of generous credit standard 
to buy land. Thus, they continue to buy land and thus accumulate their fortunes, assisted by steadily 
increasing asset prices, whereas the customers of the other bank misses the chance to be rich 
because the strict credit standard of their bank makes it difficult to make use of loans. This arises as 
the constant out ﬂows of outstanding loans and deposits in the prudent bank’s balance sheet. Hence, 
even when both of the banks can benefit from prudential banking, either of them has an incentive 
to deviate from it. Thus, when there is a huge disparity of these rules among the banks, the banking 
system are likely to become fragile.
Nonetheless, in the real world, it is unlikely to find such substantial differences in credit and 
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liquidation standards among banks. This leads us to the next question. What if there is a smaller 
disparity in these rules? Consider ˆDP 1 =－10,000, ˆDP 2 =－8,000. Figure 4 shows that, until the 
bursting of an asset price bubble, the bank with less prudence earns more profits by increasing the 
loans more rapidly than the bank of prudence. This is a situation like prisoner’s dilemma. When 
credit growth is underway, it is in each bank’s interest to be abreast or even ahead of other banks 
by declining the credit standard. However, the imprudent bank eventually gets hurt more severely 
after the bubble burst by the larger number of bankruptcy of their customers than the prudent rival 
does. Myopic incentive to decline these standards is likely to cause rapid credit growth, resulting in 
an asset price bubble.
This experimental result is consistent with the finding by Gavin and Hausmann (1996): “In 
short, these information problems imply that the very rapid expansion of bank balance sheets that 
occurs during a lending boom is likely, over time, to generate a deterioration of banks balance 
sheets.” When individual banks are motivated to decline standards, it may be hard for them to 
impose such discipline, which implies the necessity of prudential regulation of banks.
4.3 The Speed of Liquidating Assets
In liquidating distressed borrowers, the banks obtained the borrowers’ collateral assets. The 
question is how quickly the banks should sell off their assets? As shown in Figure 5, it is more 
beneficial for the banks as well as the economy to dispose gradually these assets. A small value of Sb 
helps to stabilize the land price and the money supply greatly. The reason should be obvious. Slower 
disposal can help maintain asset prices while quick sales leads to sharp decline in their prices, 
inﬂating bad loans even more. Since individual banks may want to sell them off to avoid downward 
risk, some central organization for buying and selling bad loans may be needed for asset price 
stability.
4.4 Central Bank
Capital injection of public funds into private banks is not politically easy. Nonetheless, Figure 
6 suggests that expeditious recapitalization is necessary and helpful. Preempting recapitalization 
will help banks to maintain their credit creation. This, by stabilizing the land price, will prevent the 
bad loans, thus keeping the banks’ capital ratio. Consequently, no further capital injection will be 
needed. In contrast, the delayed injection will cause the banks to reduce lending, leading to he burst 
of bubbles. Thus, delayed recapitalization should be less effective and more costly than prevenient 
one.
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5. Conclusion
A systemic banking crisis is extremely costly. In the worst case, it gives rise to deﬂation. The 
paper constructs an artificial economy with an asset market in which proprietors and banks interact. 
Our experimental results show that prudent credit standard is crucially important to keep the banks 
and the economy healthy. There exists an incentive on the part of an individuall bank to decline the 
standards. This can lead to rapid credit expansion, thus generating an asset bubble. This suggests 
the need for prudential regulation of banks. The monetary authority should also act promptly to 
save banks in trouble because a prevenient capital injection is more effective and less costly than a 
delayed one.
Several extensions seem interesting. First, the model needs to incorporate explicit liquidation 
rules for commercial banks to analyze contagion phenomena. The current model does not allow 
for the contagion of one bank failure to other banks because this paper assumes the central bank’s 
commitment to protect bank deposits. Second, the model does not have investment to increase 
capital stock. The shortage of risk money discourages investment, which in turn reduce aggregate 
demand. To capture deflationary spiral, investment behavior needs to be modeled. Finally, the 
central bank should be given wider range of policy tools other than capital injection. It is not difficult 
to incorporate monetary policy in conjunction with the money supply.
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Figure 3: The eﬀect of a macroeconomic shock
Figure 1: Banks with Rule1
Figure 2: Banks with Rule2
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Figure 6: The eﬀect of the timing of recapitalization
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フーリエ変換とオプション価格の評価*




オプション価格の評価では , 例えば , 確率的ボラティリティ変動モデルやジャンプ過程を用
いる場合は , 解析的に価格を求めることができない . このような場合に , 高速フーリエ変換を
使って価格を計算する方法がある . さらに , 近年の研究では , 複数の資産のモデルにおいて高
速フーリエ変換を使う方法が発展しつつある . 本稿では , 高速フーリエ変換によるオプション
価格評価方法を紹介し , Asai and McAleer (2015) の多変量ボラティリティ・モデルを使って数
値例を求める .
1. はじめに
ブラック・ショールズ (Black and Scholes 1973)（以下 BS）のモデルをはじめ , BS モデルを拡
張したモデルは , 現代ファイナンス理論において大きな役割を果たしている . BS モデルでは , 幾
何ブラウン運動を用いているため , 対数正規分布の分布関数を使ってヨーロピアン・オプション
の価格を評価することができた . しかし , モデルが複雑になるとこのような評価は困難となる . 
例えば , Stein and Stein (1991) や Heston (1993) のように確率的ボラティリティ変動モデルを使う
場合では , フーリエ変換が用いられている . また Duffie et al. (2000) は , ジャンプをもつ拡散過程
のモデルでヨーロピアン・オプションを評価する際に , フーリエ変換の使って評価する方法を提
案している . このように , オプション価格の評価にフーリエ変換を用いる方法が発展してきてい
る . フーリエ変換を使う場合 , 高速フーリを使って効率的にオプション価格を評価する方法を考
案している . この分野のサーベイとしては , Kwok et al. (2012) がある .
近年 , 多変量確率的ボラティリティ変動モデルの発展が著しい . 連続時間のモデルとして
も Gourieroux (2006) はウィッシャート自己回帰モデルを用いて共分散行列をモデル化し , 
Gourieroux and Sufana (2010) および Asai and McAleer (2015) は Gourieroux (2006) の多変量ボ
ラティリティ・モデルを拡張している . また Muhle-Karbe et al. (2012) は , レヴィ過程を用い
て Ornstein-Uhlenbeck 過程のような多変量ボラティリティ・モデルを考案している . これらの
モデルを使って , 複数の資産からなるヨーロピアン・オプションの価格を評価する場合には , 
* 創価大学経済学部で長年教鞭を執られてきた板垣有記輔氏にこの研究ノートを捧げたい .
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FFT による計算方法を多変量モデル用に拡張する必要がある . このための試みとして , 本稿では
Eberlein et al. (2010) によるアプローチを紹介したい .
第2 節では , まず FFT によるオプション価格評価の具体例として , 単一資産の BS モデルにつ
いて Carr and Madan (1999) の方法を紹介する . 次に , 複数の資産の場合について , Eberlein et al. 
(2010) の方法を紹介する . 第3 節では , Asai and McAleer (2015) の多変量ボラティリティ・モデ
ルを使った数値例を紹介する . 最後に第4 節で本稿をまとめる .
2 フーリエ変換によるオプション評価
本節では , 高速フーリエ変換によるオプション評価方法を概観する . まず原資産が 1 つだけの
ケースを考え , BS のモデルについて , オプション評価公式による価格とによる価格を比較する . 
次に , 原資産が複数の場合について , 高速フーリエ変換による評価方法を紹介する .
2.1 ブラック・ショールズのモデル
BS モデルでは , 時点 t における原資産価格 St が , 幾何ブラウン運動
dSt = μStdt+ σStdBt
で記述されるとする . ただし , μ はドリフト項 , dt は時間の微小変化 , σ はボラティリティ , Bt	
は標準ブラウン運動を表す . いま , 安全資産の利子率を r とし , 満期まので残存期間を T とする . 
また , 標準正規分布の分布関数をΠ (x) で表し , EQ をリスク中立測度のもとでの期待値とする . 
こ の と き , 時 点 t に お け る 権 利 行 使 価 格 K の ヨ ー ロ ピ ア ン・ コ ー ル・ オ プ シ ョ ン 価 格
CBSt ≡ e−rTEQ[max(ST −K, 0)] とプット・オプション価格  PBSt ≡ e−rTEQ[max(K − ST , 0)] は ,
CBSt = StΠ(d1)−Ke−rTΠ(d2)
PBSt = −StΠ(−d1) +Ke−rTΠ(−d2)
で与えられる . ただし ,
d1 =
ln(St/K) + (r + σ2/2)T
σ
√
T − t ,




次に , Carr and Madan (1999) による高速フーリエ変換によるオプション評価方法を紹介する . 
このアプローチは BS モデルに限定されるわけではない . より一般的なモデルを含められるよう
に , 満期 T における対数価格 sT = ln(ST )  について , リスク中立測度のもとで特性関数を
φT (u) = EQ[exp(iusT )] =
� ∞
−∞
eiusqT (s)ds  (1)
とする . ただし , qT(s) は対数価格 sT のリスク中立密度関数である . 対数行使価格を k = ln(K) と
するとき , コール・オプション価格は
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φT (u) = EQ[exp(iusT )] =
� ∞
−∞
eiusqT (s)ds  (2)
と表せる .
ここで Carr and Madan (1999) は , 正の定数 α に対して , 修正コール・オプション価格







CT (k) = exp(−αk)2π
� ∞
−∞
e−ivkψT (v)dv = exp(−αk)π
� ∞
0
e−ivkψT (v)dv  (3)
を得る . ここで , CT (k) は実数なので , yT (v) は虚数部分では奇関数であり , 実数部分は偶関数で
あることに注意してほしい . なお , Carr and Madan (1999) は yT (v) の解を求めており , それは
ψT (v) = e
−rTφT (v − (α+ 1)i)
α2 + α− v2 + i(2α+ 1)v
で与えられる .






N (j−1)(k−1)x(j), (k = 1, 2, . . . ,N)
ここで , N は通常2 のべき乗である . 従って vj = η(j − 1)  とおけば




を考えればよい . さらに b = 12Nλ  として , ku = −b + λ(u − 1) (u = 1, 2, . . . ,N)  とおけば , 対数
行使価格は区間[−12Nλ, 12Nλ] に収まるような値をとり変化する . このように定義すれば
CT (ku) � exp(−αku)π
N�
j=1
e−i 2πN (j−1)(u−1)eibvjψT (vj)η  (4)
となる . 以上のように , Carr and Madan (1999) は特性関数と FFT を使って , オプション価格を計
算する方法を開発した .
ここで FFT によるオプション評価方法の数値例として , BS モデルを使い CBSt と比較を試みた
い . まず行使価格として K = [85, 90, 92.5, 95, 97.5, 100, 102.5, 105, 107.5, 110, 115] とし , 満期まで
の残存期間を T = [1/12, 2/12, 0.25, 0.5, 0.75, 1], 安全資産の利子率（年率）を r = 0.006, ボラティ
リティをσ = 0.2, 時点0 の原資産価格を S0 = 100 とする . 図1 の上部には CBSt  の値が図示されてい
る . これに対し , 図1 の下部には FFT によるコール・オプション価格 CFFTt  から C
BS
t  を引いた値
（C F F Tt − C BSt ）が示されている . これにより , 数値計算の誤差は 1% 程度であるのがわかった . な
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お α = 1.1 としたが , 数値を変えても大きな変化はみられなかった . Carr and Madan (1999) は , シ
ンプソンの公式によるウェイトを使って , 数値計算を改善する方法も示しているが , ここでは詳
しく述べない .
ここでは BS モデルについて , オプション評価公式による価格と FFT による価格を比較した . 
その結果 , FFT で計算された価格は比較的高い精度をもつことがわかった .
2.2 複数の原資産
ここでは , 原資産が複数の場合について , 高速フーリエ変換による評価方法として , Eberlein et 
al.(2010) の方法を紹介する . また , BS モデルのような幾何ブラウン運動だけでなく , 一般的な枠
組みを考える . まず , d 次元の原資産の価格ベクトルを St = ( S1t  , . . . , S dt ) とする . 初期時点の価
格 S0 =( S
1
0 , . . . , S d0  ) に対し対数価格の増加分を (Y1t , . . . , Ydt  ) とすると , St = ( S 10 exp( Y1t ), . . . , S dt 
exp(Ydt )) と書くことができる . 利子率を r とし , 価格の現在価値のプロセス{e−rtSt}t∈[0,T ]} が , あ
る測度 Q のもとでマルチンゲールとなると仮定する .
満期が T でペイオフが f(YT + s)  のヨーロピアン・オプションの価格 EQ
�
e−rT f(YT + s)
�
 の評





















注：図の上部は CBSt   の値を図示したものであり , 図の下部は CFFTt － CBSt  を図示したものである .
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Eberlein et al. (2010) の定理3.2 により
EQ






ei<u,s>ΦYT (�+ iu)fˆ(i�− u)du  (5)
と変換できる . ただし s = (log(S10), . . . , log(Sd0 ))�  である . また , d 次元ベクトル� は , ΦYT と fˆ  の
領域の積集合に含まれていなければならない .
以上より , ペイオフ関数のフーリエ変換がわかれば , 様々な原資産の価格モデルについて , 
Eberlein et al. (2010) の結果を使ってオプション価格を求めることができる .
ここで様々なペイオフ関数とそのフーリエ変換を紹介したい . 詳しくは , Eberlein et al. (2010) 
や Muhle-Karbe (2012) を参照されたい .
例1 　行使価格 K のプレイン・バニラ・コール・オプションのペイオフ関数は f(x) = (ex −K)+
であり , そのフーリエ変換は z ∈ C  について
fˆ(z) = K
1+iz
iz(1 + iz) , Im(z) > 1
で与えられる . また , プット・オプションのペイオフ関数は x ∈ �d  であり , そのフーリエ
変換は z ∈ C  について
fˆ(z) = K
1+iz
iz(1 + iz) , Im(z) ∈ (−∞, 0)
で与えられる .
例2 　行使価格が K のとき d 個の資産の最小値のコール・オプションのペイオフ関数は , x ∈ �d
について
f(x) = (ex1 ∧ · · · ∧ exd −K)+
である . このときペイオフ関数のフーリエ変換は , z ∈ Cd  について
fˆ(z) = K
1+i dk=1 zk
(1 + i�dk=1 zk)
�d
k=1(izk)
で 与 え ら れ る . た だ し z の 値 は , あ る k(1 ≤ k ≤ d) に つ い て Im(zk) > 0  か つ 
Im(
�d
k=1 zk) > 1という条件を満たさなければならない .
例3 　行使価格が K のとき d 個の資産の最大値のプット・オプションのペイオフ関数は , x ∈ �d  
について
f(x) = (K − ex1 ∨ · · · ∨ exd)+
である . このときペイオフ関数のフーリエ変換は , z ∈ Cd  について
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fˆ(z) = K
1+i dk=1 zk
(1 + i�dk=1 zk)
�d
k=1(izk)
で与えられる . ただし , z の値はすべての k(1 ≤ k ≤ d) について Im(zk) < 0  でなければな
らない .











となる . ただし , z はそれぞれのペイオフ関数に基づいて適切な条件を満たさなければなら
ない .
例5 　 行 使 価 格 K に つ い て , バ ス ケ ッ ト・ プ ッ ト・ オ プ シ ョ ン の ペ イ オ フ 関 数 は 






Γ(2 + i�dk=1 zk)
で与えられる . ただし , z の値はすべての k(1≤k≤d) について Im(zk) < 0 でなければなら
ない .
例6 　 行 使 価 格 K に つ い て , ス プ レ ッ ド・ コ ー ル・ オ プ シ ョ ン の ペ イ オ フ 関 数 は






Γ(2 + i�dk=1 zk)
で与えられる . ただし , z の値は Im(z1) > 1 かつ Im(z1 + z2) > 1という条件を満たさなけれ
ばならない . またΓ (・) は複素ガンマ関数である .
ここでは単一資産の例を 1 つ , 複数資産に関する例を 5 つ紹介した . 上述のように , ペイオフ
関数のフーリエ変換がわかれば , (5) 式によりオプション価格を求めることができる . なお , プッ
ト・オプションまたコール・オプションのいずれかの価格がわかれば , プット・コール・パリティ
により , 他方の価格を求めることもできる .
最後に , オプション価格の具体的な計算方法について説明する . まず (5) 式の積分の最初に出
てくる e i<u,s> という部分に注目してほしい . 単一資産について考えた BS モデルのケースと 2 つ
異なる点がある . 第1 に , i の前にマイナス記号がついていない点である . このためフーリエ変換
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ではなく , 逆フーリエ変換を用いて計算することになる . 第2 に , 行使価格 K の対数値ではなく , 
原資産価格の初期値の対数ベクトル sが使われている点である . この時の問題点は , 通常 sの値が , 
フーリエ変換で求められる値を越えてしまうことにある . このため Hurd and Zhou (2010) は , 次
のような計算方法を紹介している . 簡単のため , 以下では d = 2 とする .
まず Hurd and Zhou (2010) に沿って , 複素数ベクトル u について転置 u' は非共役転置を表す
ことにする.  2重積分を 2重和で近似する際の格子として , 適切な N とh を使って
u(l) = (u1(l1), u2(l2))�, l = (l1, l2) ∈ {0, 1, . . . ,N − 1}2, ui(li) = −u¯+ ηli
とする . ただしu¯ = Nη/2  である . FFT では , N を 2 のべき乗とするとき最も効率的である . また
積分を近似する際の区間 [−u¯, u¯] について , h はその分割幅であることに注意してほしい . 同様に , 
s に対応して次のような格子
s(h) = (s1(h1), s2(h2))�, h = (h1, h2) ∈ {0, 1, . . . ,N − 1}2, si(hi) = −s¯+ λhi
を考える . ただし s¯ = Nλ/2  である . また , 逆フーリエ変換に対応するように , 分割の区間λ を
u¯ = Nη/2 とする . ここで , s の各要素が区間 [−s¯, s¯]  に収まるようにしなければならない . 最後に , 
離散型 FFT でよく使われるように N が偶数であれば
iu(l)�s(h) = iπ(l1 + l2 + h1 + h2) + 2πilh�/N (mod 2πi)
であり , EQ
�
e−rT f(YT + s)
�
 である . 以上の設定のもとで (5) 式の近似は
EQ

























H(l) = (−1)l1+l2ΦYT (�+ iu(l))fˆ(i�+ u(l))
である . 例えば , MATLAB などの計算ソフトには , FFT を使って 2次元逆離散フーリエ変換の値
計算する関数がある . すなわち , l の値に対応した H(l) の行列を使って 2 次元逆離散フーリエ変
換を適用し , 初期値 s に最も近い s(l) に対応する箇所が , 上式の大括弧 [ ] の値である . 以上の手
順で , オプション価格 EQ
�




ここでは Asai and McAleer (2015) の非対称マルチファクター・ウィッシャート・ボラティリ
ティ・モデルを紹介する .
まず n 個の資産について , 対数価格過程のベクトルを pt とする . Gourieroux (2006) や
Gourieroux and Sufana (2010) はウィッシャート・ボラティリティ・モデルとして
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dpt = μ∗(Ωt)dt+Ω1/2t dB0t,
を考えている . ただし , Ωt は n 次元の正定符号行列でウィッシャート自己回帰 (WAR, Wishart 
AutoRegression) 過程
dΩt = (νIn +ΩtΦ� +ΦΩt)dt+Ω1/2t dBM1t C1/2 + C1/2dBM1t Ω1/2t ,
に従うとする . ここでΦは n 次元の正方行列であり , C は n 次元の正定符号行列 , n は自由度であ
る . 表記として WAR(n, Φ,C ) と書くことにする . また , μ∗(Ωt)  は n 次元ベクトルで , Ωt の関数
である . B0t は n 次元の標準ブラウン運動のベクトルであり , B
M
1t は標準ブラウン運動からなる n 
次元の正方行列である . Gourieroux and Sufana (2010) は , μ∗(Ωt)  を通して , ボラティリティの
フィードバック効果をモデル化している .








dVkt = (νkIn + VktΦ�k +ΦkVkt)dt+ V 1/2kt dBMkt + dBMkt V 1/2kt ,  (7)
として , マルチファクター WAR 過程を考えている . ただし , BMkt は標準ブラウン運動からなる n
次元の正方行列である . この特定化では , それぞれの Vkt  が WAR(νk,Φk,In)過程に従っているこ
とがわかる .
さらに Asai and McAleer (2015) では , 非対称性やフィードバック効果を考えて ,
dpt = μ∗(Ωt)dt+ dut,  (8)
としている . ここでフィードバック効果 μ∗(Ωt)は
μ∗(Ωt) = (μ1 + tr(M1Ωt), . . . , μn + tr(MnΩt))� ,  (9)




 (i = 1, . . . , n) は , それぞれスカラーのパラメータと n 次元の対称








Θ�V 1/2kt (In −RkR�k)V 1/2kt Θ
�1/2
dBt,  (10)
と特定化している . ただし Bt は n 次元の標準ブラウン運動ベクトルであり , Rk (k = 1, . . . ,K) は n
× n2 のパラメータ行列である . なお (In−RkR�k)  は正定符号行列という制約が必要である . この
とき μ∗(Ωt)となる . Asai and McAleer (2015) ではパラメータの数を減らすために , ρk を n次元ベク
トルとしてRk = (In ⊗ ρ�k)としている . このモデルでは , E[vec(dBMkt )du�t|Ωt] = Θ�V 1/2kt Rkdt  であるの
で , pt の変化が Rk を通じて Vkt に変化を及ぼす . 非対称マルチファクター・ウィッシャート・ボ
ラティリティ・モデルの積率母関数は , Asai and McAleer (2015) の系3 に与えられている .
非対称マルチファクター・ウィッシャート・ボラティリティ・モデルは , リスク中立測度 Q では
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1Ωte1, . . . , e�nΩten)�dt
EQt (dΩt) = Et(dΩt) + Cov[tr(CtdΩt), dΩt]
= Et(dΩt) + 2(ΩtΞtΘ�Θ+Θ�ΘΞ�tΩt)dt,
となる . ただし , E Qt はリスク中立測度 Q のもとでの条件付き期待値であり , ιすべての要素が 1 
の n 次元ベクトルである . また , ei は , i 番目の要素が 1 で , それ以外の要素はゼロであるような
n 次元ベクトルである . 収益率に関する式のリスク・プレミアムはマルチンゲール条件から固定
されるが , 共分散行列に関する式で任意に固定できる . Gourieroux and Sufana (2010) にならいボ
ラティリティ・リスク・プレミアムが一定であると仮定するとΞt = Ξ¯となる . このとき上の式は
EQt (dpt) =
�μ¯1 + tr(M¯1Ωt), . . . , μ¯n + tr(M¯nΩt)
�� dt




Θ�(νkIn + VktΦ¯�k + Φ¯kVkt)Θdt,
となる . ただし μ¯i = r , M¯i = −12eie�i , Φ¯k = Φ + 2ΘΞ¯Θ� である . リスク中立測度のもとで積率母
関数を考えるには , Asai and McAleer (2015) の系3 で Et を E
Q  
t とすればよい . すなわち , パラメー
タを置き換えるだけでよい .
以下の数値例では , n = 2 として次の 4 つのケースを考える . 
・ 1WSV は , k = 1 および Rk = O, Mi = O とした一番単純なモデルである .
・ 1WSV-F は , k = 1 および Mi = O としたモデルで , レバレッジ効果の含んでいる .
・  2WSV は , k = 2 および Rk = O and Mi = O としたモデルで , 2 つのボラティリティ・ファクター
を含んでいる .
・ 2WSV-L は , k = 2 および Mi = O としたモデルで , リバレッジ効果と 2 つのボラティリティ・
ファクターを含んでいる .
これらのモデルをリスク中立測度におけるモデルに変換すれば , リスク中立測度のもとでの積
率母関数が得られる . あとは , 前節で説明した方法でオプション価格を評価できる .
最後に , ペイオフ関数が f(p) = (ep1 − ep2 −K)+  のスプレッド・コール・オプションを考える . 
行使価格を 
K = {85, 90, 92.5, 95, 97.5, 100, 102.5, 105, 107.5, 110, 115},
とし , 満期を T = { 112 , 212 , 0.25,0.50,0.75,1.00}. とする . また安全資産の利子率を 0.006 とし , 原資
産価格の初期値を ( ep01, e p02) = (195, 100) とした . 非対称マルチファクター・ウィッシャート・ボ
ラティリティ・モデルのパラメータの値について , Asai and McAleer (2015) の表2 と表4 に示さ
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れている値を用いた . これは , 1996年7月1日から 2012 年9月28日までの米国の NASDAQ 100 と
S&P 500 の日次収益率と実現共分散を使って , モデルを推定した結果である . 図2 には , Eberlein 
(2010) の方法で評価したオプション価格が示されている . 単純な 1WSV モデルに , 2 番目のボラ
ティリティファクターを含めたり , レバレッジ効果を含めたりすることで , オプション価格に変
化が出てくることがわかる .
4 まとめ
本稿では , FFT によるオプション価格評価方法に注目し , 単一資産モデルに関して Carr and 
Maden(1999) の方法を , 複数の資産のモデルについて Eberlein et al. (2010) の方法を紹介した . 数
値例として , Asai and McAleer (2015) の考案した非対称マルチファクター・ウィッシャート・ボ
ラティリティ・モデルから 4 種類のモデルを選び , FFT によりスプレッド・コール・オプション
を評価した .
複数の資産によるオプションは , まだまだ普及していない . 今後 , さまざまな複数資産のモデ













































Price Difference of 2WSV-L from 1WSV
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An Equilibrium Pricing for OTC Derivatives with 
Collateralization. Application of Economic Premium Principle
Kazuhiro TAKINO*
Abstract
  In this article, we propose an equilibrium pricing rule for the contingent claims by 
applying the economic premium principle initiated by Bühlmann (1980). The derivative 
markets in our model are over-the-counter (OTC) markets and have counterparty risks. 
We reconstruct the economic premium principle to explicitly handle the concrete form 
of the payoff function and the claim volume, and then we provide the equilibrium pricing 
rule for the OTC derivatives with the counterparty risks and the collateral agreements. We 
also demonstrate whether our pricing approach is consistent with an another equilibrium 
pricing rule in the point of the sensitivity of derivative prices.
JEL Classification: G10, G12, G13
Keywords: OTC derivative markets, counterparty risk, collateral, economic premium principle 
1. Introduction
In this article, we consider the OTC derivative pricing model with a collateral agreement. We 
especially provide a pricing rule by applying the economic premium principle. The economic 
premium principle was initiated by Bühlmann (1980) and some researchers have discussed this 
principle recently (Iwaki et al. 2001, Iwaki 2002, Karatzas and Shreve 1998 and Kijima et al. 2010). 
The concept of this pricing method is to determine the pricing kernel or state price density through 
the market equilibriums.
After the financial crisis in 2008, the counterparty risk has been in focus for many practitioners 
and researchers (Acharya and Bisin 2011, Duffie and Zhu 2011, Fujii and Takahashi 2013, Gregory 
2010 and Takino 2013a). The collateralization is one of the methods used to reduce such a risk as 
used in the money market. Recently, G20 in 2013 decided to make collateralization obligatory in 
the OTC swap market. The derivative pricing models with the collateralization have been studied 
   *The author appreciates to Department of Economics, Soka University and Dr. Itagaki for giving the opportunity to 
present the work. Affiliation: Faculty of Commerce, Nagoya University of Commerce and Business, JAPAN. 
Email: takino@nucba.ac.jp
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by some researchers. Johannes and Sundaresan (2007) examined the effects of the collateralization 
on the swap rate. They argued and showed that the collateralization increases the swap rate 
through the collateral cost. Fujii and Takahashi (2013) consider more practical model including 
the asymmetric and imperfect collateral agreement, and they showed that the derivative price is 
affected by the adjustment of the collateral cost arising from the imperfect collateral agreement. 
These pricing approaches are provided under the risk-neutral pricing method. 
An equilibrium pricing approach has been recently used to price the derivatives with collateral. 
Takino (2015b) derived the equilibrium pricing rule from the demand and supply function for 
the derivative and examined the effects of the collateralization on the derivative transactions. He 
showed that the effect of the collateralization on the option price and the swap rate are monotone 
and collateral amount increases the option price. He also argued that the impact on the swap 
rate is not significant rather than the option case because the counterparty risk bilaterally arises 
in the swap contract. The equilibrium rule in Takino (2015b) is determined by maximizing the 
investor's expected utility for her/his wealth, and then the collateralization affects the price through 
the demand and supply function influenced by the collateralization if the wealth is reflecting the 
collateral amount.
In contrast, there is the equilibrium pricing method without the demand and supply function 
in explicit. This approach was the so-called economic premium principle proposed by Bühlmann 
(1980), where the pricing kernel or state price density is determined from the market equilibrium. 
The method given by Bühlmann was extended to a multiperiod model by Iwaki et al. (2001) and 
the pricing approach, where the pricing kernel is derived from the utility maximization for the 
consumption (Iwaki 2002, Karatzas and Shreve 1998). Kijima et al. (2010) further applied this 
approach to evaluate the emission credit in the point of general equilibrium. The economic premium 
principle provides the linear pricing method like an arbitrage pricing theory. In this work, we 
consider the utility maximization problem for the wealth and the problem that explicitly treats the 
volume of the claims. We then provide the equilibrium pricing rule by determining the pricing 
kernel under the market equilibrium. This formation enables us to consider various derivative 
payoff formations, then we can construct the pricing rule that takes into account the counterparty 
risks and the collateralizations. Of course, our formula is able to accommodate the incomplete 
market models. In this study, we assume that the collateral amount is not accounted into the 
participant's  wealth to utilize the economic premium principle and to eliminate possibility of default 
for the delivery of the collateral. The agent can receive the collateral if the counterparty defaults. 
These settings enable us to identify the pricing kernel. Our pricing approach is the same as those 
provided in previous researches (Fujii and Takahashi 2013, Johannes and Sundaresan 2007) except 
that the change of measure (state price density) is given by the equilibrium criterion. Thus, our 
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study gives an another equilibrium pricing rule different from Takino (2015b), and verifies how 
the effects of the collateralization on the derivative price depend on the pricing rule included in the 
setting of the collateralization.
At this point, we have an interest in whether our equilibrium pricing rule is consistent with 
another equilibrium methods. Are the characteristics of the pricing rule given by former studies 
maintained in our approach? So, we examine the sensitivity analysis for both pricing approaches i.e., 
our formula and the pricing rule provided by Takino (2015b). As a result, we show that the effects of 
collateralization on the option price and the swap rate are almost the same as those demonstrated by 
Takino (2015b).
The remainder of the article is organized as follows: In the next section, we set the financial 
market model with the collateral agreement. In Section 3, we derive the equilibrium prices for 
derivatives after determining the pricing kernel. In Section 4, we examine the sensitivity analysis of 
the derivative prices with respect to the collateral amount. Section 5 summarizes this work.
2 Model and Collateralization
2.1 Financial Markets with Counterparty Risk
There are J market participants in our financial market, and we denote the set of market 
participants by J , i.e., J = {1, 2, . . . , J }. They, respectively, invest their money in the portfolio 
consisted of the risk free asset and the risky business and also trade the derivatives. The motivation 
to enter the derivative contract is to hedge or eliminate the business risk as considered in Kijima et 
al. (2010), for instance. We denote by S jt the risky business value at time t (0 ≤ t ≤ T ) invested from 
the participant j ∈J where	T	denotes the maturity date of the derivatives introduced in the following. 
We assume that the risky business is traded in the large market and the agents can invest their 
money in the risky business at the unit price S jt at time t. Note that, because we examine the partial 
equilibrium for the derivative contracts in this study, we suppose that the participant j can trade S j 
only for convenience. In order to extend the general equilibrium, the assumption is eased such that 
some or all market participants are able to invest their money into other businesses. The values of 
the risky businesses are correlated with a common asset price which is assumed to be nontraded in 
the market and the price process is denoted {Yt}0≤t≤T . This assumption is one of the incomplete 
market models and the asset Y corresponds to the price indices of the stock markets, the weather or 
energy indices (e.g., Bessembinder and Lemmon (2002), Cao and Wei (2004), Kijima et al., (2010), 
Lee and Oren (2009), Yamada (2007)) and so on. The market participants are also supposed to trade 
the European-type derivatives written on Y and its payoff function at maturity	T	is defined as follows:
H(T ) := H(T, YT ).
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We consider the call option and the swap contract and assume that those contracts are entered 
at time 0. We suppose that they behave as the price	taker in the financial markets that included the 
derivative market like risky business markets. The remaining money is deposited into the bank 
account with the interest rate r (i.e., risk-free asset). The value of the bank account at time t is Bt = 
ert with B0 = 1. 
The counterparty risk in the derivative contract is the possibility that the participants fail 
to provide full payout of H(T ). We assume that the default event and payment depend on the 
counterparty’s business value at maturity as modeled by Henderson and Liang (2014). They 
modeled the counterparty risk with a so-called constructed form model as examined by Merton 
(1974). That is, the default event of agent j by 1D
j
 is represented by
1Dj = 1SjT<L
for a certain level L. The payment received by agent j∈J is represented by ηi(SiT )H(T ) (i �= j)  when 
the counterparty i ∈ J defaults, where h
i
(・) is the recovery function for the participant i’s default. 
At this point, for the option contract, we suppose that the buyer of the option does not fail to pay the 
option fee when the contract is entered. Furthermore, there are possibilities for both counterparties 
to fail to pay for the swap contract. We express the long holder and the short holder of the 
derivatives by j = l and j = s, respectively.
2.2 Collateral Agreement
To hedge the loss due to the counterparty risk, the agent who has a positive exposure could 
receive the cash collateral from the counterparty with a negative exposure. We assume that the 
positive or negative exposure is determined at the marked-to-market (MtM) date, and the MtM is 
priced through the pricing rule, which is independent of the agent’s risk preference. We denote 
the value of the MtM at time t by Vt. If the MtM value of the derivative contract held by one market 
participant is positive, she/he could receive the collateral with the counterparty’s default. We also 
introduce the coverage ratio φ (≥ 0), and then the collateral amount is calculated by
C(φ) = φVt  (2.1)
where t means the MtM date. We finally suppose that the cash collateral is deposited into the 
account aside from the wealth accounts of the participants. This assumption implies that the 
collateralization does not affect the agent’s wealth.
2.2.1 Option Payoff with Collateral Agreement
The buyer (or long holder) of the option always has positive exposure. So she/he is entitled to 
receive the collateral at maturity when the seller of the option defaults. We set the MtM date by	t	= 0, 
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which is the contract date of the option. The collateral amount is then
C(φ) = φV0.
Under these conditions, we provide the payoff gopt(T) of the option subject to the collateral 
agreement at maturity. We formulate the value of g(T) from the point of the long holder, that is, 
gopt(T ) = H(T )(1− 1Ds) + (ηs(SsT )H(T ) + C(φ))1Ds  (2.2)
where 1Ds denotes the default indicator function for the option seller. The first term is the payoff of 
the option without defaults. The second term corresponds to the default payment of the option. If 
the participants default, the long holders have the default payments of ηs(SsT )H(T )  and additionally 
obtain the collateral amounts. For the short holder, the formula is given by adding minus sign to gopt.
2.2.2 Swap Payoff with Collateral Agreement
The counterparty risk arises from both sides in the swap contract unlike the option contract. 
The standard swap valuation determines the swap rate such that the present value of the contract 
equals to zero. This implies that the exposures of the derivative contract for both counterparties are 
vanished. As introduced in Johannes and Sundaresan (2003), we consider the two-period model.
We suppose that the MtM is done once for (0, T ) and the date of MtM is denoted by	t	∈ (0, T).
Then, the collateral amount at the MtM date t is given by
C(φ) = φVt.
The payoff gswp(T) of this swap contract to the long holder is represented by
gswp(T ) = YT (1− 1Ds) + (ηs(SsT )YT + C(φ))1Ds −K(1− 1Dl)− (ηl(SlT )K + C(φ))1Dl .  (2.3)
We rewrite (2.3) as
gswp(T ) = gY (T )−Kg⊥(T )
where
gY (T ) = YT {1− (1− η(SsT ))1Ds}+ C(φ)(1Ds − 1Dl),  (2.4)





The long holder (short holder) receives YT (K) if the seller does not default at maturity and obtain 
ηs(SsT )YT +C(φ) (ηl(SlT )K +C(φ))  if the seller defaults. The payoff function for the short holder is 
given by adding minus sign to gswp.
2.3 Participant’s Total Wealth
We derive the equilibrium price by solving the utility maximization problem for the terminal 
wealth which is constructed with the portfolio and the derivative positions. To this end, we set the 
wealth equation for the market participant.
Agent j ∈J has the initial wealth x j0 and first allocates it to the risky business and the derivative 
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contract. The rest of the money is deposited in the bank account with a constant interest rate r. The 
money amount invested in the risky business by agent j ∈J is denoted by pj := pj(0). We assume 
that the agents do not change the position at all for (0, T]. The volume or the position of the claim 
which the participant j ∈J  is willing to trade, is denoted by δjkj (kj ≥ 0) . Where d j	= 1 corresponds 
the case of the participant j = l, and d j	 = －1 relates the case of j = s. Recall, l and s mean the long 
holder and the short holder, respectively. The unit price of the claim g is given by the formula
E[E(T )g(T )]  (2.5)
where E(T) is a pricing kernel or state price density at time T. We determine E through the market 
equilibrium.
The money w j0 deposited into the risk-free asset for the participant j ∈	 J  at time 0 is 
wj0 = x
j
0 − πj − δjkjE[E(T )g(T )].
And the terminal wealth is given by





SjT + δjkjg(T ) = (x
j
0 − πj − δjkjE[E(T )g(T )])BT +
πj
Sj0
SjT + δjkjg(T )  (2.6)
for the claim g.
3 Equilibrium Price
In this section, we provide the pricing formula based on the economic premium principle 
(Bühlmann 1980). The pricing formula is given by (2.5), which is sufficient to determine the pricing 
kernel E.
We suppose that the preference of the market participant  j ∈J  is represented by the exponential 
utility function with the risk-averse coefficient γj , that is
Uj(x) = − 1γj e
−γjx.
We denote the inverse function of U'j by Ij , that is,
Ij(x) = (U �)−1(x).
Agent j ∈ J maximizes her/his expected utility from the terminal wealth with respect to the claim 
volume. The objective for the participant j is then given by
E[Uj(Xj(T ))] −→ maximize w.r.t. kj
where Xj is given in (2.6).
    In order to derive the market equilibrium price, we need the clearing condition.















j=1 δjkj = 0  (market	clearing	condition	of	the	derivatives)
where kj ≥ 0 for all j.
Under Definition 3.1, we provide the pricing kernel.
Theorem 3.1. We	suppose	that	our	market	satisfies	 the	above	assumptions	and	Definition	3.1.	The	
terminal	wealth	of	the	participant	j	 is	given	by	(2.6).	Under	the	equilibrium,	the	pricing	kernel	E	 is	then	
given	by








γj .  
Proof. The first-order condition of the utility maximization is
E[U �j(Xj(T ))g(T )] = E[U �j(Xj(T ))]E[E(T )g(T )].
From this equation, we have







where Mj is a constant. Thus it holds
(xj0 − πj − δjkE[E(T )g(T )])BT +
πj
Sj0
SjT + δjkjg(T ) = Ij(MjE(T ))  (3.2)
for j ∈J.




Ij(MjE(T )).  (3.3)
For the exponential utility case defined above, the inverse function Ij is
Ij(x) = − 1γj lnx.
(3.3) is then rewritten as
1







γj  and M¯  are constants. So we have
E(T ) = eγ(M¯−RT ).  (3.5)
Taking expectation both sides of (3.5) gives
E[E(T )] = eγM¯E[e−γRT ].
Since E[E(T )] = B−1T , the constant 
1
γ ln E(T ) = M¯ −RT  is given by
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Substituting this into (3.5) completes proof.
Theorem 3.1 with (2.5) immediately leads the equilibrium option price and swap rate respectively.
Corollar y 3.1. We suppose that there are one long holder and one short holder for the 
derivatives in our market, i.e., J = {l, s}. The equilibrium option price p(φ) with the coverage ratio 
φ is represented by
p(φ) = E[E(T )H(T ){1− (1− ηs(SsT ))1Ds}] + φV0E[E(T )1Ds ].  (3.6)
The equilibrium swap rate K(φ) with the coverage ratio φ is given by
K(φ) = E[E(T )(YT {1− (1− η(S
s
T ))1Ds}] + φE[E(T )Vt(1Ds − 1Dl))]
E[E(T ){1− (1− ηl(SlT ))1Dl}]
.  (3.7)
4 Sensitivity Analysis
In this section, we examine the effects of the collateralization on the derivative prices through the 
sensitivity analysis.
4.1 Option Case
We first consider the effect of the counterparty risk on the option price without the collateral. 
Substituting φ = 0 into (3.6) yields the equilibrium option price p(0) without the collateral
p(0) = E[E(T )H(T ){1− (1− ηs(SsT ))1Ds}].
The option price pwoc without the counterparty risk is given by
pwoc = E[E(T )H(T )].
From the fact that
1− (1− ηs(SsT ))1Ds ≤ 1,
it holds
pwoc ≥ p(0).
Therefore, the counterparty risk decreases the option price according to the recovery rate and the 
degree of the default risk.
Next we show the impact of the collateralization on the option price. From (3.6), we have
∂p(φ)
∂φ = V0E[E(T )1Ds ] > 0.  (4.1)
(4.1) means that the option price increases with the increase of the coverage ratio. Thus, 
the collateralization increases the option price. From the above arguments, the effects of the 
collateralization on the option price are summarized as follows.
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From (3.7), we have
∂K(φ)
∂φ =
E[E(T )Vt(1Ds − 1Dl))]
E[E(T ){1− (1− ηl(SlT ))1Dl}]
.  (4.2)
The sign of (4.2) is dependent on the difference between E[E(T )Vt1Ds ] and E[E(T )Vt1Dl ] because 
the denominator of (4.2) is a positive. However, (4.2) does not depend on the coverage ratio. This 
implies that the effect of the collateralization on the swap rate is a monotone as demonstrated by 
Takino (2015b). We also have an interest in whether our pricing approach is consistent with an 
another equilibrium pricing approaches. To check this, we consider the pricing formula of Takino 
(2015b) as an example and implement the price change. In the next section, we implement the signs 
for both formula under a certain model.
4.2.1 Numerical Result
We use the two-period multinomial tree model demonstrated by Takino (2015b), the model is 
based on Musiela and Zariphopoulou (2004).
Set two time periods t = 0, 12T, T  and suppose that the economy varies four states in a time period. Time 
t = 12T   is the MtM date. The finite probability space is defined by (Ω,F ,P)  with Ω = {ω1, ω2, ω3, ω4}  and 
F = 2Ω . The canonical probability measure of the state ωi	(i = 1, 2, . . . , 4) is assumed
Pi := P(ωi).
The variations of prices S jt ( j = l, s) and Y are modeled by a multinomial tree model. The variation of 







ul, i = 1, 2,







us, i = 1, 4,
ds, i = 2, 3,
where Δt = 12T  and
uj = eσj
√Δt, dj = e−σj
√Δt
for j = l, s. And, the variation of Y is given by






uY , i = 1, 3,
dY , i = 2, 4
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where
uY = eσY
√Δt, dY = e−σY
√Δt.
Next, we set the default events and the recovery rate. We use the constructed model to model the 
default event, that is, there exists threshold Lj(> 0) ( j = l, s), the agent fails to provide full payment 
of the claim if the terminal business value S jT  is less than Lj . Then, the default indicator function is 
represented by
1Dj = 1SjT<Lj
for j = l, s. We also assume Sj0d2j < Lj (j = l, s) .  The recovery rate is defined by
η(SjT ) = ηj
SjT
Lj
where ηj ∈ [0, 1] is a constant for j = l, s.
The MtM for the swap contract is priced by the arbitrage pricing method. The risk-neutral 










where Qi := Q(ωi)  ( i = 1, 2, . . . , 4), we obtain the marginal probability
Q := Q1 +Q3 = BΔt − dYuY − dY .
We use the parameters used in Takino (2015b), and these are as follows: P2 = 0.15, P3 = 0.05, S l0 
= 100.0, σl	= 0.1, γl = 0.0002, S
s
0 = 100.0, σs= 0.4, γs = 0.0001, πl =－154048.32, πs = 26590.17, Y0 
= 100.0, σY = 0.2,  ηl = 0.5, Ll = 90.0, η s = 0.5, Ls = 90.0, r = rc = 0.05 and T = 1.0. We implement for 
various P4 such that
P1 = 1− (P2 + P3 + P4).  (4.3)
Under this parameter set, we implement the sensitivity to the swap rate of the collateral amount 
i.e., ∂K(φ)/∂φ   for both pricing formulae. We calculate ∂K(φ)/∂φ  for the pricing rule of (2015b) and 
E[E(T )Vt(1Ds − 1Dl)] for our work. Note that, it is sufficient to check E[e−γRT Vt(1Ds − 1Dl)]  only since 
E[e−γRT ]  is a constant. The result is presented in Table 1. The column of Takino (2015b) expresses the value 
of ∂K∗/∂φ  for the formula given in Takino (2015b). The column of EPP presents the value of 
E[e−γRT Vt(1Ds − 1Dl)] .  From the table, we observe that signs of both models almost are equal. Therefore, 




In this article, we have constructed an equilibrium pricing method for the pricing of the OTC 
derivatives with the collateralizations, and then have investigated the effects of collateralization 
on the derivative prices through examining the sensitivity analyses of derivative prices to the 
collateral amount. We especially examined whether the sensitivity results for our pricing rule have 
the same as those provided by the previous research. While the equilibrium pricing rule based on 
the demand and supply function has been used by some researchers, our study constructed an 
equilibrium pricing criterion based on the economic premium principle and provided the pricing 
rule with the pricing kernel. For the option contract case, we showed that the collateral amount 
monotonically increases the option price as shown in the previous research. For the swap contract 
case, our numerical results demonstrated that the sensitivities of the swap rate to the collateral 
amount under various parameters almost equal to those for previous approach. Therefore, our 
research showed that we are able to use different equilibrium pricing approaches to investigate the 
effect of collateralization on the derivative prices.
P4 Takino (2015b) EPP
0.00 0.6324 0.0000
0.05 0.2459 0.0001
0.10 - 0.0182 - 0.0002
0.15 - 0.2456 - 0.0097
0.20 - 0.4524 - 0.0524
0.25 - 0.6429 - 0.1686
0.30 - 0.8179 - 0.4222
0.35 - 0.9770 - 0.9205
0.40 - 1.1190 - 1.8605
0.45 - 1.2423 - 3.6364
0.50 - 1.3451 - 7.1177
0.55 - 1.4252 - 14.4509
0.60 - 1.4801 - 31.7709
0.65 - 1.5071 - 80.4210
0.70 - 1.5024 - 258.5313
0.75 - 1.4605 - 1243.5795
0.80 - 1.3715 - 9541.5459
Table 1: Sensitivity of swap rate for change in coverage ratio φ. The column of Takino (2015b) 
expresses the value of ∂K∗/∂φ  for the formula given in Takino (2015b). The column of EPP 
presents the value of E[e−γRT Vt(1Ds − 1Dl)] .
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The Prosperity of British Empire  




The family record of Lord Elgin was the one of the most attractive and magnificent one among 
the many peers in Victorian high time of the British Empire.
It is said Elgin family has started from Robert Bruce of the great hero against English army of 
Edward 2nd in 1314 of British history in medieval time. (1)
Scotland had the Union of Crown in 1603 with England and in 1707, Scotland was economically 
absorbed by her counterpart of England which was so called the Union of Economy. In addition, 
under the reign of Queen Victoria, Scotland became closely related with England which was named 
the Union of Culture (2)
But Scottish economy had been subordinated to the counterpart of the South since the medieval 
times. The king of Scotland James 6th was invited to become the King of England in 1603 under the 
reason of same Stuart dynasty as the Queen Elizabeth deceased without her successor and James 
6th became the James 1st of England which was called the Union of the Crown.
Then, Scottish people was obliged to receive the Union with England in 1707 because of the 
collapse of her economy which permitted Scottish ships to enter the English ports under the same 
sovereignty which had been prohibited by Cromwell of Navigation Act in 1651. In consequence of 
that, Scottish merchants and traders were enabled to take part in the market of English overseas 
settlements and colonies.
In the middle of 18th century after the Union, Scottish economy started her industrialization 
under the stimulation of English social and economic development.
There were firstly to develop linen and woolen industries but still only the supportive role 
to those of England. Though the defeat of Jacobite rebellions of 1715 and 1745 against English 
government, a number of Scottish war criminals of landowner and warrior was deported to America, 
Canada, Australia and New Zealand.
Interestedly enough, when times went, Scottish emigrants began to contribute to establish new 
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society under their own Scottish tradition in those countries of the new world, which became the 
foundation of Scottish Diaspora in 19th century. (3)
In the middle of 19th century, with the uprising of iron and smelting industries in Scotland, the 
economic situation was drastically changed, as Scottish iron industry showed a victory of the cost of 
pig iron production against the rival companies of West Midlands and South Wales. 
In consequence of the great increase of cheap pig iron production at Glasgow, the international 
iron trade joint stock market was launched. (4)
Under the great success of industries of iron, railway, machinery industries as well as naval 
industries, Scotland grown up to be the real partner of United Kingdom.(5)
The West part of Scotland was named the heart of British Industries, when Britain was called 
the factory of the World In those ﬂourishing days Edinburgh was applauded the capital of literature 
and Glasgow was that of railway and naval architecture. (6)
In world history, the duration between 1815 and 1914 was called the era of Pax Britannica and in 
this historical background, I would like to focus on the Lord Elgin of diplomatic activities from 7th 
to 9th as the symbolic behavior of Scottish well educated landlord in terms of British prosperity of 
the world.(7)
2. Enlightenment of Scottish Renaissance
In Scotland after the achievement of John Knox’s Religious Revolution in 1560, based on 
the conventional education of pragmatism, the ethics which encourage and promote to the both 
of natural and social science and to make a progress of industrial development became further 
expanded into the country.
In accordance with this movement, the four universities (St. Andrews,  Glasgow, Aberdeen and 
Edinburgh) in Scotland could offer the subjects of further practical learnings fit for the job training 
than English education of two universities (Oxford and Cambridge) which offered the sophisticated 
subjects of literature and culture. (8)
Scottish lairds preferred to travel to the Continent and England which was called the Grand 
Tour which made them learned the technological and social development of foreign countries and 
the international view for the world.
Under the union, Scottish lairds with education entered the work of diplomatic service, as 
Scottish peers like Henry Dundas who had assisted greatly the English bureaucracy as well as 
George Hamilton Gordon, Lord Aberdeen who worked for the official network of British empire in 
terms of human affairs. Generally, British overseas market, newly opened for them was so attractive 
to Scottish peoples who could work with their possession of education and technology. (9)
On the other hand, thanks to preference of Queen Victoria, the Scottish kilt clothes which had 
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banned as the symbol of anti-English for many years became allowed to wear at the official meeting 
in Britain and  Scotch whisky was also firstly recognized so the same treatment as the French wine 
to the royal guests in the palace.(10)
Between 1820 and 1870 while British expanded her territory and settlement overseas, on the 
other hand, she underwent the reform of the inland politics. Consequently the duration of 1832 
Election Act and 1867 was called the era of Victorian Compromise. (11)
In 1840, Queen Victoria asked to establish the department of Civil Engineering by her order to 
Glasgow University, as to memorize James Watt the father of the Industrial Revolution. 
In fact, the Anderson College founded by the will of Prof. John Anderson as civil learning center 
of higher education and Glasgow University became the core of advancement of British scientific 
and technological education and expanded their activities to new college of technology which had 
rooted into the mechanic institute to support the making of railway network and construction of iron 
bridge in 1840’s and 1850’s. (11)
The symbolic establishment of British prosperity of mechanical technology in 19th century 
were both of the Crystal Palace at London in 1851 when the London Industrial Exposition held and 
of the Fourth Iron Bridge in Scotland in 1890.
Scottish engineers were eager to work abroad after the almost completion of British railway 
network in 1840’s to the regions of European continent and the new world of North and South 
America, Oceania,  Africa and Asia. This Scottish emigration had been accorded with expansion of 
Scottish banking system overseas. (12)
The high time of Scottish work abroad which was called recently as Scottish diaspora by several 
Scottish historian (13).
The new era of ocean navigation by steam engine enabled by the invention of Comet by Henry 
Bell at Clyde river and expanded through a number of shipyards at Western Scotland to build and 
export firstly to British and secondly to overseas shipping companies. The propeller screw and 
three & four internal combustion engines were also invented and popularized by Glasgow naval 
architects. (14)
The traditional ship of ocean navigation was the symbol of the Navigation era,  which was made 
of wood by the use of wind power and sea tide which could carry big volume of goods but unable 
to overcome natural restriction and had to take a long distance to take a round of the cape of good 
hope of Africa to India ocean.
But the new invention steamer made it possible to navigate against those natural condition 
which able to regular schedule of shipping but unable to carry a big volumes of good at first. But 
gradually the iron hull achieved the land mark of victory of iron victory against wooden materials.
Additionally, the open of Suez Canal to pass from the Mediterranean to Indian Ocean was 
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possible for the traffic days drastically shorted. (15)
In reality, the transient time from big wooden ship to iron steamer was the ﬂourishing of the 
special wooden ships called tea clipper which brought the material of tea from Asia to UK with high 
speed. American ships called California clipper was very actively engaged but the best clipper which 
won the match race were constructed at Scottish Glasgow shipyards.(16)
Then in the latter part of 19th century, Glasgow was called the Capital of Industries which 
produced over the half of railways as well as that of iron ship of the world production in late 19th 
century.(17)
Interesting enough, while the emigration of Scottish engineer with the new technology to 
Europe, America even to Japan was taken place. On the other hand under being encouraged by 
Scottish teacher and engineer, young peoples who would like to master the advanced science and 
technology preferred to take the higher education in institution of higher learning in Scotland.
Many of the university founded at the new world which were eager to promote the 
Industrialization launched by Scottish teachers. (18)
3. The 7th Lord Elgin and the formation of British Empire
Here, I would like to focus on the Lord Elgin’s activity of Thomas Bruce 7th, James Bruce 8th 
and Victor Alexander Bruce 9th in terms of stages of British Empire which based on the preceding 
work of Elgin Family, 1766-1917. (19)
Elgin’s family must be the one of the most brilliant Scottish elite peer. It was said that Robert 
Bruce, the great Scottish hero who became the King of Scotland between 1306 and 1329 who 
defeated English army lead by the King Edward 2nd at Bannockburn near the Stirling castle in 1314 
and that the first peer of his family began with Thomas Bruce in June 1633 knighted to 3rd Earl of 
Kinloss. (20).
His family has been situated at Kircardine at Fife, North East Scotland facing Netherland over 
the North Sea. In the medieval period, Fife was the successful trading port with the European 
continent.(21)
In 1707 when Scotland accepted the proposal the Union from England, 4th Elgin collaborated 
to the Westminster government of England, although his ancestor had supported the Catholic King 
James 6th (to be James 1st when he moved England) against the Protestant government and to be 
put into the London Tower. 
Nevertheless the Bruce family was trusted and became the first aristocracy knighted by 
English King. When 5th Lord Elgin deceased in 1771, his son William Bruce succeeded at the age 
seven but passed away by several months. Thomas Bruce, younger brother of William got to the 7th 
Elgin at the age five.
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In those days in Scotland there was the uprising time of Scottish Renaissance which was backed 
by the ethics of the success of Scottish religious reformation and lead the philosophy of rationality 
and common sense to overcome the medieval Christian thought devoted in blind.(22)
Lead by Scottish thinker of Prof. William Robertson of the Principal of St. Andrew University, a 
number of philosophical society was set up in several cities in Scotland. (23)
The Moon society which Adam Smith founded was one of the famous society where liberal 
discussion was taken place and this philosophical activity transmitted to the Continent which was to 
initiate the era of knowledge and reason in modern world. 
Thomas Bruce learned from W. Robertson esteemed the highest remarks to the study of Greek 
literatures and decided to proceed the civil law study to work for the diplomatic service. (24)
Thomas turned down his mother’s advice to go to Germany and chosen to study at Grand Ecole 
de Paris. Then after, Thomas joined the British Army and participated into the political service at 
several places to be qualified to the General of British Army (25)
Thomas when 24 years old, trusted by Lord Henry Dundas the leader of modernization of 
Scotland was dispatched to Hague of Netherland where he contributed to collect the necessary 
information in showing his conspicuous ability of foreign language and history and in 1790 he was 
welcomed to the member of upper parliament and kept it until 1840.(26)
In 1798 Bonaparte Napoleon aggressively marched on European continent and invaded Egypt 
and then looked for the land of Turkey. Consequently the King of UK, George 3rd ordered Thomas 
Bruce to as her plenipotentiary ambassador to Turkey in 1801 to protect against Russian inﬂuence. 
He advised tactically British Army to support Turkey to defeat French army.
Thomas Bruce was very moved to see the Parthenon shrine in Greek and asked the Sultan 
of Turkey Serim 3rd who had ruled the Greek at that time, to permit the relief marbles of the 
Parthenon Shrine brought back to Britain. In fact, Thomas invested huge cost by himself to carry 
the beautiful relief marbles three times to UK. (27)
In 1807 February, Russia came down to occur the Russia-Turkey war. Thomas actively moved 
around to collect the useful information to the alliance of Britain and Turkey to lead to the Peace 
Treaty of Dunelz in January 1812. (28)
In 1810 British eminent poet Byron was very upset to look the Parthenon Shrine distorted by 
Lord Elgin and made a famous poem of Minerva Curse to accuse of the Elgin’s conduct which gave 
the Elgin family became notorious in the Western world. But in reality, Thomas spent a huge money 
for his pleasure of the beauty which was far expensive than the price which British Museum paid 
later for the purchase. (29).
The Bruce family business in those days was successful in coal mining by the demand of the 
Industrial revolution in Scotland but because of his excess expenditure, his family finance was 
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nearly collapsed to the bankruptcy.
Then, the time of Thomas Bruce 7th Lord Elgin was the same era of the formation of frame 
work of British Empire by trade and also accorded with the initiation of Scottish diaspora to the 
world which was started the dynamics of technological transfer with Scottish engineer. (30)
4. The activity of 8th Lord Elgin
James Bruce who became the 8th Lord Elgin born in March 1831 as the son of 2nd wife of 7th 
Lord Elgin. He entered to Eton school and Oxford University with his one year younger brother of 
Frederic.
They became good friends of William E Gladstone, Charles Cunning and James Ramsay at the 
school and university who grown up to be the leaders of the British Empire (31)
Because James was firstly out of the family successor and secondly his father’s huge debt by 
the incident of Greek marbles, his mother made James and Frederic modestly grown up at Paris.
Since the war of American Independence in 1776, Scottish trader and merchant became further 
concerned with India where a number of Scottish business men became involved with the English 
East India Company after the Union of 1707.
They expanded their business activity expanded over the boundary to make the restriction of 
the East India Company unnecessary to lead the abolition of her monopoly of business in India in 
1813 and in Chia in 1833. (32)
The British business interest to India had increased in 19th century owed to the navigation of 
steamers to India and to construction of iron railway over the India. 
James stood for the MP firstly unsuccessfully in 1832 while he showed his talent in the ability of 
letters to support the Tory leader Wellington but in 1839 secondly was elected at Stirling for MP in 
Scotland. But because of the death of his elder brother, James became successor of the Lord Elgin 
to be obliged to resign the post.
In 1842, James was asked by the Minister of the Settlement Lord Stanley to accept the Governor 
of Jamaica where he went after the marriage with the daughter of Cunning Bruce. (33)
① Jamaica
At that time, Jamaica was in the middle of social disorder and chaos caused by the British Act of 
Emancipation in 1833 and James faced lots of difficult troubles there. But he bravely and tirelessly 
devoted himself to improve Jamaica society under his confidence of promoting the philosophy of 
Scottish Renaissance to change Jamaica to establish modernized civil nation there.
He promoted to set up the several societies in Scottish way by the introduction of new 
knowledge based on J Knox’s work like as job training school in practical thought and also made up 
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the network among Scottish businessmen around West Indies. (34)
James turned down the reappointment of Jamaica Governorship as his administration was 
highly appreciated by not only by home government but also local people. He had lost his wife at the 
accident of wrecked ship on the arrival to Jamaica.
The British new government in 1846 under the Liberal party decided to enforce the idea of free 
trade all over the world by promoting either of expanding informal trade or merging the new lands 
by using the weapon. Such able diplomat of Scottish educated peer as James Bruce were the most 
highly demanded. (35)
② Canada
British government decided to send James Bruce because of his diplomatic ability to Canada 
in January 1847 and before the departure, he married Mary Lambert, the daughter of Earl Durham 
ex-governor of Canada. (36)
In those days at Canada, the country were divided by the barriers of both matters of language 
of English and French and regions of Upper and Lower part where were drastically antagonistic 
among themselves.
James Bruce arrived at Canada in January 1849 and eagerly worked for her inhabitants of 
the land in using his excellent French language ability. He was once narrowly deprived of his life 
by British who got angry of his favor of French interest. He showed his talent of communicating 
peoples based on the spirit of Scottish Renaissance and the deep knowledge and information related 
with Canada from his wife’s family.
James kept a belief of uniting the Upper Canada and Lower Canada and allowed the English and 
French as official language and by himself delivered his announcement in both languages at the 
parliament to make the sense of United Canada among the inhabitants (37)
In June 1854, James Bruce was dispatched under the governmental order to North America in 
order to negotiate the matter of treaty of reciprocal tariff, as Canada already faced the amalgamation 
with America. (38)
Laurence Oliphant, Scottish able writer born at South Africa accompanied Lord Elgin to this 
special mission to America. James was convinced of the future of North America economically 
grown up through industrialization and railway expansion to take over the South part of America 
and soon or later even to Canada.
In December of the same year, James deprived of the privilege of Quebec to make it equal to the 
other states of Canada and returned Britain to submit a future plan of Canada to the Queen Victoria.
Generally, James was so appraised by Canadian people as to call the real governor of Canada 
who contributed to united country. His effort was also appraised for his sovereignty in Canada for 8 
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years by British government. (39)
Consequently in July 1867, Canada amalgamated two other British settlements facing the Pacific 
Ocean was to launch the first self-governing nation with the name of the British Common Wealth 
world.
In those days, British economy achieved the network of free trade over the world and declared 
the abolition of both Navigation Act in 1854 and Mechanical Good Export prohibited Act in 1855.
From 1854 to 1856 Britain was involved with the Crimea War by Russian Empire looked for the 
sea port and under the leadership of Prime Minister of H.J.T. Palmerston to be called the successor 
of Cunning and was a member of the Whig Gray cabinet in 1830 and became the Prime Minister 
until his death in 1865.(40)
③ Asia（India, China and Japan）
The prosperity of British Empire was the most high time around 1860 when Queen Victoria 
became the Empress of India. As the Britain became the factory of all kinds of industrial goods 
to export to every corner of the world and by exchange imported materials and foods for Britain 
and her settlements. This British international trade network was successfully maintained by 
three inventions of telegraph in the air, steam locomotive on the land and steamer in the sea which 
regularly connected for the long distance over the globe.
British Economic expansion took place new incidents of Sepoy Incident in May 1857 in India as 
well as the Arrow Incident in the same year to be called the Second Opium War in China. (41)
In the latter part of 19th century, the most lucrative British trade must be the wealth from the 
triangle trade among Britain, India and China in using the opium export from India to Chia and 
depriving of the fortunes from China to Britain via India.
Many of Scottish free traders rushed for China to seek for the lucrative business opportunity. 
The British army enforced China to open five ports and Hong Kong to British settlement in August 
of the same year. Additionally, in October next year, China agreed Britain to the most favored nation 
of trade and in November to open Shanghai settlement for trade with Western nations. (42)
British Pirme Minister Palmerston decided to send James Bruce of Lord Elgin of experienced 
diplomat with soldiers to China but his idea was rejected at the parliament by Cobden. Then he 
dissolved the assembly and led a victory of the general election to realize Lord Elgin with 5000 
soldiers to China.(43)
Interesting enough, Lord Elgin visited Paris to have an audience of Napoleon 3rd to ask for the 
joint force to put down the incident in China because French missioner was killed there. 
Before his departure, James was also informed by Palmerston to think of trade agreement with 
Japan. as America had been approaching to Japan.
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On the way to China at Singapore, Lord Elgin heard of the predicament situation in India caused 
by Sepoy incident and decided by his own discretion to send his army to put down the riot.
Then Lord Elgin invaded China together with French army led by Jean Baptist Lui Glo and 
attacked Guangzhou in May 1858 and suppressed down the riots. In June of the year, Shin dynasty 
of China was obliged to accept the agreement at Tianjin with Britain, France, Russia and America. 
Then Elgin was explained by the Chinese official to need about 3-4 weeks before the ratification 
from Beijing government.
By this reason, the 8th Lord Elgin accompanied by Laurence Oliphant the secretary of the 
mission took a voyage from Shanghai to Nagasaki on 3rd August and returned Shanghai on 2nd 
September. (44)
During this trip, Lord Elgin visited Edo (Tokyo) to sign the Anglo-Japanese Treaty after 
America, Netherland and Russia. The book of the Lord Elgin’s mission written by Oliphant when 
published in 1860 which was highly appreciated to be a source of many British (Scottish) concerned 
with the small island of the Far East. 
It was well known that one of the most famous diplomat in Bakumatsu Japan from Britain, 
Earnest Satow was very moved to read the book to come to Japan (45)
Lord Elgin on his return to China from Japan was annoyed and frustrated with Chinese arrogant 
and not collaborative attitude to the promise done. In the long run, after troublesome negotiation for 
some months he reached the compromising agreement in February 1859, Lord Elgin returned. In 
those days, A Scottish thought of Munro System had been adopted (46)
Nevertheless in 1859 Chinese rebellion was again taken place in China. Then the British 
government asked Lord Elgin again to China in June of the year as his brother Frederic was British 
representative in China. Although Lord Elgin asked Oliphant to go to China with him, Oliphant 
already asked the government to work for the diplomat in Japan. Then, Elgin employed the new 
secretary of H .R. Loch for his 2nd mission to China.(47)
Lord Elgin brought with him the book of Species by Charles Darwin recently published at 
Edinburgh University. In June 1860, Lord Elgin arrived at Hong Kong and moved soon to Shanghai 
to negotiate the Chinese official but he had to use the naval bombardment to make them understand 
the superiority of British powers. (48)
On 18th October 1860 he sent soldiers of 3500 to destroy Chinese Emperor’s fond park of the 
Summer Place at outskirt of Beijing and made him agreed the revised agreement on 24th of the 
month which China admitted the cession of territories of Hong Kong and Kowloon to Britain.(49)
On the return of Lord Elgin, he was warmly welcomed from both parties of Lord Derby of the 
ruling and Lord Gray of the opposition for his great achievement for the British Empire in Asia. 
In fact, the Queen Victoria became the Empress of India in November 1858 after British made the 
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collapse of Indian’s Mogul Empire in September 1857. (50)
Lord Elgin on the way back to Britain, he stopped over India where he had met an old friend of 
Lord Cunning in sickness who was nominated as the first Vice-Roy of India to support the Empress 
of Queen Victoria.
On his return Lord Elgin was offered the honorary posts of Lord Rector of Glasgow University 
and minister of Royal Mail. (51)
Soon Lord Elgin was asked to succeed Cunning as the 2nd Vice-Roy of India and sailed and 
arrived at Calcutta in March 1863. His wife Mary Louisiana arrived at India soon after then.
Again in India, Lord Elgin in the conviction of Scottish Renaissance and practical philosophy 
actively worked to improve the living standard of Indian peoples while making ef for t to 
compromising to the various and different interests among feudal landlords, races and regions. 
The most difficult barrier and hindrance was Indian inherent problems which made up the Indian 
history for many centuries.
Lord Elgin invited a number of Scottish teachers and engineers to India to enhance the 
living standard of Indian peoples, as well as to promote the expansion of industrial development 
of the infrastructure of India with setting up modern harbor, railway and canal. Lord Elgin tried 
unsuccessfully to make different races recovering in peace, as well as to alleviate the excess burden 
to Indian. It was his discretion to make use of the minor group of Seek race in distress to the front 
position of British army, as they were obedient and fearless warriors in war time (52)
In this sense 8th Lord Elgin was the symbol of the most successful Scottish laird as well as the 
contribution to the prosperity of British Victorian Economy. He in the field of diplomatic service 
must be the same respectful Scottish scholar of Lord Kelvin, Professor William Thomson at Glasgow 
University in scientific and academic world. (53)
Lord Kelvin was the one of the founder of Association of Promoting British Higher Technology 
in 1824 together with his good friends of Scottish scientists and industrialists.(54)
In November 1863, Lord Elgin became sick of the fever and deceased at Dharamasala in 
India.(55)
5. The 9th Lord Elgin and India the relative decline of the Empire
9th Lord Elgin, Victor Alexander Brice was born at Montreal in May 1849, while his father being 
posted the governor of Canada. He was educated at Eaton school and Ballioli College of Oxford 
University where Adam Smith was shortly belonged after Glasgow university. Then in October 1863 
as his father 8th Lord Elgin James Bruce deceased, Victor got to the 9th Lord Elgin at 14 years old. 
(56)
By the general election in 1868, the Liberal party made a victory and Gladstone returned the 
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Prime Minister until 1874 to take an effort to solve the matter of Ireland and his sovereignty was 
generally classified to two kinds of old and new Liberalism.(57)
Victor Bruce eagerly supported the principle of free trade policy of W.E. Gladstone, a very good 
friend of his father and symbolic politician of the era of British Empire. (58)
Victor naturally became one of young leaders of the Liberal party and strongly supported 
Gladstone’s Policy and he married with Lady Mary Louise of the daughter of first Lord Durham, J. 
Rambron and he was appointed the treasurer of Royal family in 1886.
Concerning the railway expansion in India which his father 8th Elgin had strongly wished to 
invest to both of railway corporations of East Indian and Great Indian Peninsular was launched at 
London in1869 with very favorable conditions to guarantee 5% interest for 99 years and the business 
would be succeed by the government. 
Under this circumstances until 1870 there launched 10 railway companies at each region but 
not successfully in the long run.
In Britain, the Prime Minister Disleli was defeated in general election by Gladstone who retuned 
the power to make his 2nd cabinet to appoint Ripon to 6th Vice Roy of India in 1876. 
9th Lord Elgin such as his father who tried to promote the modernization of India in introducing 
Western education, promoting land reform and unification of the language by English and 
democratic election in Western but without success (59).
In 1886 the Home Rule Act proposed by Gladstone was rejected at the House of Delegates and 
his 3rd Cabinet was dissolute.
In India a number of famine was taken place and to solve the problem the government hastened 
to made a railway network over the main cities by four major railways of Bengal Central, Rohiland 
Kumaon, Bengal and North West, Southern Mahratha but unfortunately not to be successful. (60)
During the period of Vice Roy of Lord Elgin 9th from 1893 and 1899, there expanded the railway 
distance from 18,459 to 22,491 miles.
It was said that Queen Victoria thought him still young for the post and Victor himself was 
reluctant to receive the offer but Lord Roseberry insisted him to the successor to 8th Vice Roy of 
Lord Lansdowne in India.
When Gladstone returned the power in 1892, he made his 4th cabinet which Lord Elgin was 
officially appointed to the 8th Vice Roy of India in 1894 of the same job of his father. There were 
very trouble years to the country of India between Vice Roy of 2nd and 8th. There happened several 
conﬂicts and wars around the boundary with Afghanistan and Persia, Bhutan War as well as serious 
famines and starvations frequently occurred in many areas over the country caused by compulsory 
enforcement of too much rapid and unfit Westernization for the society after the destruction of the 
traditional feudal economy. (61)
 季刊　創　価　経　済　論　集　　　　Vol. XLV, No. 1・2・3・4
But under his rule, there were serious problems of the cases like the starvation of Chitral 
Expedition of the North West India in 1895 and tribal riots in 1897 further seriously the financial 
crisis after 1892. 
Furthermore, India economy became difficult to maintain the gold standard for the trades with 
heavier tax on the cotton production caused the serious famine and epidemic disease.
By the change of politics in 1889, Lord Elgin returned Britain and he was honorary appointed to 
the member of knight of the Order of Garter same as his late father in 1902. (62)
Although Lord Elgin was commissioned to the moderator of investigating committee of the 
2nd Boor War but resigned the post when he criticized the policy of Campbell Bannerman, Prime 
Minster of the Conservative party along with his principle. But when the liberal party returned the 
power Victor became the secretary of W. Churchill and the Minister of the Overseas Settlement (63)
6. Conclusion, stages of British imperialism and three generations of Lord Elgin family
It was a very famous word of the Orientalism during the British Empire prosperous period 
which greatly contributed by Scottish artists and merchants. (64)
Edward W. Said’s book of Orientalism raised a debate over the transient period from British 
Imperialism to her Post Colonial Age (65)
Scottish historian of J.M. MacKenzie of Oxford University emphasized the role of Scottish 
philosopher after the time of Enlightenment to European age of knowledge and reason.
In particular, Scottish painters under Charles R. Mackintosh of Glasgow school of Arts made a 
great role of getting the Japanese arts accepted to British and European societies. (66)
Behind scene, role of 8th Elgin and his secretary L. Oliphant must be evaluated. In fact, to E. 
Satow and other British diplomats who came to Asia and Japan, the 8th Elgin’s book was the text 
book of understanding the variety and difficulty of dealing with regional leaders of Asia.
While looking at the history of expansion of British economy to the world, the most successful 
enterprise must be the foundation of the English East India Company which accepted the good 
talented merchants from Scotland after the union of 1707 to offer the business chance and new 
opportunity for Scottish youth, mostly graduates of Scottish universities with education and 
technology.(67)
Scottish was obliged under the suppression of English economy to be accustomed to live 
relatively weak and poor environment. But thanks to their convention of practical and profitable 
work by hand, Scottish consequently became eager to find the job opportunity of better condition 
overseas. They were determined to live out of UK as British citizen. (68)
Scottish aristocrats and lairds although lost the privilege of her own feudal society but they 
were offered the opportunity of working abroad. Scottish don of the old society like Henry Dundas 
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helping in English administration encouraged the able Scottish youth of his second generation to 
work within British administrative network as function between English high officer and local leader 
of its settlement and colony.
In this way, when many of Scottish lairds went to America, Canada, Australia and New Zealand, 
as well as the rest of the world, Scottish peoples who had been exiled as political criminals by the 
rebellions of 1715 and 1745 and they already naturalized to the new lands with success. (69)
They welcomed their new friends from Scotland. In fact, there were existed local emigrants 
society in Scotland and also new immigrant society in the new lands. 
The Bruce family appeared in Scottish history as the fundamental and mail family since the day 
of the Robert Bruce defeated English army at the Bannockburn. (70)
In accordance with the expansion of British territory, Britain as the factory of the world 
exported a great number of industrial goods, mechanical products, railways and naval architecture 
from the Western part of Scotland around Clyde areas as the heart of British Industries. When the 
goods were exported, engineer accompanied them to the new market as well as with the external 
development of Scottish banking companies. In fact, the first bank to Nagasaki and Yokohama in 
Japan were from Scottish banks branches in India which had dealt with Scottish business in India 
and China. (71)
In terms of stages of British Empire,  the era of 7th Lord Elgin must be the formative days of 
her empire which defeated the rival of European nations economically and established the frame 
work of the great empire under the ﬂag of free trade of Adam Smith thought.(72)
Then the era of 8th Lord Elgin must be the high time of British prosperity in the world by 
the export of steam locomotive railways and steamer navigation which enabled to connect Britain 
and her settlement and colony by regular transport and to rule them. In fact, around 1860, British 
succeed directly in reigning Indian market and indirectly that of China. (73)
In 1887, Golden Jubilee of Queen Victoria 50th anniversary as well as 60th anniversary in 
1897 were widely celebrated as the most prosperous era of British Empire which changed the 
relationship between Britain and the overseas settlement as the former of British to international 
reciprocally inﬂuenced by the new Oriental culture and the latter from regional to British one.(74)
In the era of 9th Lord Elgin, the British were challenged by new rival country of America and 
Germany as well as by the revival of France in the world market and faced relatively the decline 
process of British economy. Generally as the period between 1890 and 1914, the word of the New 
Imperialism was called, the Elgin family also face the new situation in British history. (75)
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This paper was presented at the NTU conference at Singapore on 6th August 2015. After some 
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Ax + c = x
または
(I － A)x = c
で表される。I は単位行列で A は投入係数行列、x は産出量ベクトル、c は最終需要ベクトルである。
最終需要が与えられると産出量は
x = (I － A) －1c 
から計算するが、大規模な逆行列を正確に求めることは難しい。
経済データを用いた研究では回帰モデルがよく使われる。線形回帰モデルは 
y = Xβ + e
と表される。ここで y は被説明変数のベクトルで、X は説明変数の行列、βは係数ベクトル、e
は残差ベクトルである。係数は正規方程式
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となる。これは (1) を行列やベクトルの要素で表したものである。したがって f(x) の最小点は
(1) の解となる。共役勾配法は (2) の最小点を効率的に探す方法である。1952年に Hestenes と
Stiefel が発表して一躍注目を集めた (2)。
最初に具体例を使って説明しよう。つぎの簡単な方程式について考える。
3x + 2y = 6





















である。(2) に A と b を代入して整理すると
f(x,y)=1.5x2 + 2xy + 3y2 - 6x - 11y
となる。図1 の曲線は関数の等高線である。内側の曲線ほど関数値は小さくなる。初期値を (0,0)
にとると、2 つのステップで最小点 (1,1.5) に達する。方程式の解は x=1, y=1.5 である。2 ステッ
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[ ステップ 1] 初期値を設定する。
x0  ( 初期解ベクトル )
r0 = b - Ax0  ( 初期残差ベクトル )
p0 = r0  ( 初期方向ベクトル )
k=0 とおく。













k+1 = xk + αk pk 
3. 誤差を求める。
r










k+1 = rk+1 + b k pk 
ここで共役勾配法の「共役」の意味を説明しよう。一般に 2 つのベクトル a、b が与えられたとき、
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k+1 は xk+1 の残差
r













































































































k+1 と rk+1 = rk-αk Apk の内積は































は A に関して共役関係にある。n 次元空間には 1次独立なベクトルは
高々 n 個しか存在しない。このため n 回反復するまでに厳密解に到達する。












































































































































































































































































































































































































































































































































































































































































































































































































を条件数 (condition number) という。条件数はノルムのとりかたによって異なる。cond(A) ≥ 1
であり、単位行列の条件数は 1 となる。条件数の大きな行列を悪条件の行列という。ヒルベルト
行列は悪条件行列の代表例であり極めて扱い難い。行列の条件数は数値計算の精度に影響する。
(1) の定数項に Δb の誤差があると
A(x+Δx) = b + Δb














∆≤∆ − ( )
が成り立つ。解の相対誤差は条件数と定数項の相対誤差の積より大きくならない。これより悪条
件の行列では大きな誤差が生じる可能性が高いことがわかる。また条件数が大きくなると反復計















が成り立つ 2)。ここで x* = A-1b であり、ユークリッドノルムで評価している。良条件の行列で
は n 回反復する前に収束する場合がある。正定値行列の条件数は
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κ 	=	 最大固有値  最小固有値 	









































と書ける。(12) から y を求めて (13) に代入して x を計算する。最初に修正コレスキー分解につ
いて説明しよう。A が正定値であれば
A = LDL' (14)
の形に分解できる。L は下三角行列で D は対角行列である。行列の要素で表すと
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とすると、 ')'( LDDLA  から (11) は
(U-1)'AU-1Ux	= (U-1)'b		 (15)
と書ける。ただし 'LDU  である。この式は
(U-1)'AU-1y = (U-1)'b  (16)
Ux = y	 (17)
と表される。A = LDL' と分解すると fill-in が起こり、L は密行列となる。これを避けるために






 = 0 とすることである。他にもいろいろな方法があり、目的に応じて
適当な条件を課す。以下の手順で計算する。
























k+1 = xk + αk pk
3. 新しい誤差を計算する。
r














k+1 = (LDL')-1rk+1 + b k pk
一例として、ボアソン方程式の差分近似について考えよう。近似式はブロック三重対角行列を




= 2 (i=1,2,..,n) とする。m	= 60 で係数は 3,600×3,600 の行列とする。こ
れは 17,760 の非ゼロ要素をもつ疎行列である。Fill-in のしきい値を 0.1 として前処理を行うと、







近年、数値計算の分野でクリロフ部分空間が注目されている。ｎ次正方行列 A とベクトル b か






























































 = b -Ax
k








































































































































































































































































































































 = 0,  q
0
 = 0   

















































は 1番目の要素が 1 で、それ以外の要素は 0 のベクトルである。これは FOM
法 (Full Orthogonalization Method) と呼ばれる。 
つぎの方程式の解を FOM 法で求めよう。





















































 = b - Ax
0
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0
 = 0   

























i+1), Q = [q1, q2,.., qk]





















































k+1(b e1 - H
~
k





で与えられる。J( y) の最小化には H~
k
 の QR 分解を用いる4)。
要約すると、つぎのステップを残差が十分小さくなるまで繰り返す。
1. アーノルディアルゴリズムを実行する。























モリ量を節約することができるからである。図3 は 3,600×3,600 のボアソン行列を係数とする

















































1)(   (23)
subject to　B'x = c	 (24)





















































k+1 = b - Byk
	y
k+1 = yk + w(B'xk+1 - c)
y
0
を与えると 1 番目の式から x
1
が決まり、これらを 2 番目の式に代入すると y
1
が決ま
る。同様の計算を収束するまで繰り返す。x* と y* に収束したとすると、Ax* + By* = b、 
B'x* = c から (25) が成り立つ。yだけ計算する方法もある。1番目の式から x
k+1=A-1(b - Byk) であり、
これを 2番目の式に代入すると
y





とする。w がつぎの条件を満たすと (27) の
y
k








































































































と表される。初期値を 0 として 73回反復すると y
1
 = -0.7170、 y
2
 = 0.4340、 x
1





 = 1.5283 に収束する。
宇沢の方法では Ax
k+1= b - Byk を解いて xk+1 を求める必要がある。この方程式を解くことは、
つぎの関数の最小点を見つけることと同じである。
{ (26)
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),(),(
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1)( kBybxAxxxg  
最急降下法を用いると
x
k+1 = xk - α gradg(xk ) 
							= x
k







k+1 = xk + α(b - Axk - Byk )
	y
k+1	= yk + w(B'xk+1	-	c)   
Ax




















(X 'X + kI )b = X 'y







1) 大型線形方程式の数値解法全般については Saad,Y(2003) を参照せよ。戸川 (1977) は共役勾配
法について詳しく説明している。
2) Hestenes, M and E. Stiefel(1952) を参照。
3) Saad and Schultz (1986) を参照。
4) 具体的な計算法は藤野・張 (1996) や藤野他 (2013) を参照せよ。
5) Arrow, K et al.(1958) を参照。
6) Saad(2003), 114頁を参照。
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a(t, X(t)) はドリフト係数、b(t,X(t)) は拡散係数という。確率微分方程式の解である X(t) は拡散過
程 (diffusion process) と呼ばれる。
W(t) は標準ブラウン運動 ( ウィ―ナ―過程 ) であり、つぎの性質をもつ。
(1) P(W(0)=0)=1
(2) E(W(t))=0 all	t ∈ [0, ∞)
(3) E(W(t)W(s)) = min(t,s)
(4) s < t とすると W(t) - W(s) ～ N(0,t-s)
(5) 0 ≤ t1 < t2 < t3 に対して W(t2)-W(t1) と W(t3)-W(t2) は独立である。
(6) W(t) のサンプルパスは連続である。























































































































































































(4)、(5) の性質により、ブラウン運動を離散近似することができる。区間 [0,T] を n 個の小区
間に分けて分点を
tk = kΔt (k = 0,1..,n)
にとる。Δt = T / n はステップ幅である。ブラウン運動は
W(tk) = W(tk-1)+ΔW(tk)  (k	= 1,2..,n) (4)










jk tWtW  ),..,2,1( nk   (5)
と増分の和で表すこともできる。MATLAB の正規乱数を生成する関数を使って計算できる。図1
はブラウン運動のサンプルパスである。T = 1、n = 500 でステップ幅は Δt = 0.002 としている。
つぎの条件の下で (1) には唯一の解が存在する 2)。
(1)  X(0) の 2次モーメントは有限で、X(0) は W(t), t ≥ 0 と独立である。
(2)  t ∈ [0,T] および実数 x, y に対して
|a(t,x) - a(t,y)| + |b(t, x) - b(t,y)| ≤ K|k - y|
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を満たす正の定数 K が存在する。
(3)  t	∈ [0,T] および実数 x に対して
| a(t,x)|2 + |b(t,x)|2 ≤ K2(1+|x|2)
を満たす正の定数 K が存在する。
ここで確率解析の基礎である伊藤の公式について説明しよう。X(t) は (1) で定義された確率過













































































[ 例1 ] 算術ブラウン運動
dX(t) = adt + bdW(t)
解析解は
X(t) = X(0) + at + bW(t)
である。
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(dt)2 = 0, (dt)(dW(t)) = 0, (dW(t))2 = dt だから
(dY )2	=	σ2dt
となる。したがって
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つかの解法がある。最も基本的な方法はオイラー・丸山スキーム (Euler-Maruyama scheme,EM
スキーム ) である。(1) の数値解を得るために、区間 [0,T ] を離散化して分点を tj =jΔt
 
( j=0,1,..,L)、
Δt = T/L (L は正の整数 ) とする。X(tj) の近似値をつぎの斬化式から計算する。
Xj+1 = Xj + a(t j, X j)Δt + b(tj, Xj)ΔWj 
tzW jj ' '  )1,0(~ Nz j  (10)
拡散項が 0 であれば、EM スキームは常微分方程式に対するオイラー法に他ならない。


















で与えられる。図2 は EM スキームで計算した近似解を示している。実線は解析解で点線は近似
解である。両者のギャップは小さく近似精度は高い。
[ 例4 ] ランジュバン方程式　
dX(t) = -μX(t)dt + σdW(t)  (μ,σ > 0) (11)
この方程式の解を簡単な式で表すことはできない。図3 は
Xj+1	=	Xj	-μXjΔt	+σΔWj




オルンシュタイン・ウーレンベック過程 (O-U 過程 ) と呼ばれる。長期的に X=0 へ戻る傾向がある。
4. 数値解の収束性
積分の終点 t = T における近似解 X
L
と真の解 X(T) は確率的に変化する。次式を満たすあるス
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を得る。常微分方程式の場合は O(Δt) となるが、確率微分方程式に対する EM スキームの誤差は
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Δt = 2-1, 2-2,.., 2-10 とする。ステップ幅を広くとると差はないが、狭くとると差は無視できなく
なる。Δt=0.002 とすると、EM スキームの誤差は 0.2264、ミルスタイン・スキームは 0.0312 とな
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> @ ttWXtbtXtbXtb jjjjjjj '''' /)(),()),(,(2
1 2  (15)
と表される。
弱い近似 (weak approximation) は、解の期待値、分散、共分散などの分布特性を近似する。任
意の多項式 g に対して、次式を満たす正のステップ幅δ0 と定数 C が存在するとき、近似解 Xj は
X(T) に弱い収束次数 α で収束するという。
|E(g(X(T ))) - E(g(TΔt L))| ≤ Cδ
α, δ∈ (0,δ0) (16)
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3点分布確率変数
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ここで
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である。2乗平均ノルム
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解の漸近的安定性に関して
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が成り立つ。したがって 2乗平均安定であるためには
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図5 の上段はμ=-3、σ=1 のケースである。初期値を X
0
 = 1 に固定し、[0,20] の区間で生成し
た 50,000個の X 2j の平均値をプロットしている。Δt = 1,0.5 であり、(23) の左辺は 5 と 0.75 となる。
実線は Δt = 1 に対応し、点線は Δt = 0.5 に対応している。2乗平均の意味で、EM スキームはそ
れぞれ不安定および安定となる。漸近安定性を調べるためにμ = -3 、 σ = 0.8 とする。漸近安定
性は確率1 の事象であり、1 つのパスを計算すれば十分である。下段の図で実線は Δt = 1、点線

















1変数の場合と同じような条件の下で唯一の解が存在する。dt と dW1,.., dWn は
(dt)2 = 0
dtdWj(t) = dWj(t)dt = 0   








は dWi(t) と dWj(t) の相関係数である。











































































































とする。これは対角要素が 1 の対称行列である。R の特異値分解を
R = ΓΛΓ' 













 = 0, i ≠ j とする。
dZdW 2/1*/ 
とすると
)'(' 2/12/1 dZdZdWdW */*/ 




































































































































































































7. 多変数 SDE の数値解法
解析解がない場合は数値解を求める。区間 [0,T] を離散化して t
j









1 ),(),(  (28)
これは強い収束次数1/2 をもつことが分かっている。弱い収束次数は 1 となる。1変数の場合と
同様に、ΔW
kj
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注 )
(1)　SDE の数値解法については Kloeden and Platen(1999) が基本的な文献である。Platen の展
望論文 (1999) は最近のテーマまでカバーしている。成田 (2010)、第6章は SDE の理論と数値
解法を分かりやすく説明している。Higham(2001) は実例を用いて具体的に説明している。経
済問題への応用は Malliaris and Brock(1981) が詳しい。
(2)　証明は舟木 (2005) または Klebaner(2012) を参照せよ。




[3] Higham, D. J. (2001) “An Algorithmic Introduction to Numerical Simulation of Stochastic 
Differential Equations”, SIAM Review, Vol.43, No.3, 525-546.
[4] Klebaner F. C. (2012) Introduction to Stochastic Calculus with Applications, Imperial College Press ; 
3 edition.
[5] Kloeden P. E. and E. Platen.(1999) Numerical Solution of Stochastic Dif ferential Equations, 
Springer, Berlin.
[6] Malliaris, A, G. and W. A. Brock. (1981) Stochastic Methods in Economics and Finance, North-
Holland.
[7] Platen, E. (1999) “An Introduction to Numerical Methods for Stochastic Differential Equations”, 
Acta Numerica, Vol.8, 197-246.

株主優待の価値に関する考察















































りの額が保有株式数に応じて支払われるのに対し、株主優待は 100 株で 1000 円相当の商品券、















Miller and Modigliani (1961) の配当無関連命題によると、無課税の状況下では配当の権利落ち
日前後において投資家が手にする配当所得と譲渡益所得の合計は常に一定である様に株価が調整
されるため、権利落ち日の株価は前日の株価に比べ配当の額だけ低下する（従って配当がいくら
であろうと株主価値に影響を及ぼさない）。Elton and Gruber (1970) は権利落ち日の株価下落
が実際には配当と同額ではないことについて限界的な投資家の配当所得と譲渡益所得に対する課
税税率の差による配当への（譲渡益と比較した）選好度を用いて説明している。Michaely and 














えられる。Michaely and Vila (1995, 1996) のモデルは株主優待の権利落ち日前後の株価の変動



















配当と財務データは Pacific-Basin Capital Markets Research Center の PACAP データベース
を、株主優待情報に関しては大和インベスターリレーションズ発行の株主優待ガイド（1996 年








モデルで予想される期待リターンで調整した超過リターン（Excess Return, or ER）を用いる。売
買高はまず権利落ち日前後 10 日間を除く 80 日間（権利落ち 46 日前から 6 日前と 6 日後か
ら 46 日後）の平均売買高を計算し、それを超過する売買高 (Abnormal Volume, or AV) を用い
る。株主優待の有無ダミーは株主優待を実施している企業は 1、実施していない企業は 0 を取る
(SHP_dummy)。株主優待利回りは 2 通りの方法で計算する。１つ目は株主優待を受け取るため
の最低株式数を保有する場合の 1 株当り株主優待の現金相当額を権利落ち日前日の終値で除した





回帰分析ではコントロール変数として Michaely and Vila (1995, 1996)、Michaely et al. (1996)
に従いマーケットリスクの代理変数としてのマーケットベータ (β)、固有リスクの変数として
マーケットモデルの残差の標準偏差をマーケットリターンの標準偏差で除したもの (σεσM )、更に
Naranjo, Nimalendran, and Ryngaert (2000)、Dhaliwal and Li (2006) に従い取引コストの代






表 1 は東証全サンプルのうち配当を行った企業の株式を優待の有無で 2 つのグループに分け、
それぞれの配当及び（又は）優待の権利落ち日 (ex-day) と前後5日間の超過リターンを表す。観
測数は優待有りグループが 3,704 firm – exday、優待無しグループが 20,667 firm – exday である。
権利落ち日（day 0）の超過リターンは優待有りのグループは -1.354% であり、配当のみのグルー
プの平均 -0.557% より有意に低い。配当を行った企業の配当利回りの平均が優待の有無に関わ
らず約 0.9%、優待を行った企業の優待利回りの平均が SHP_Yield1（小口投資家への最大リター
ン）で 1.7%、SHP_Yield2（企業にとっての一株当り平均リターン）で 0.1%（以上 Huang et al 
表1　権利落ち日前後の超過リターン (ER) 
( 以下の表はそれぞれ Huang et al. (2016) より一部抜粋 )
優待有り 優待無し 優待有無
の差Day ER (%) t - 値 ER (%) t - 値
−5 0.041 (1.21)  0.017 (1.07)
−4 0.214*** (6.27)  0.168*** (9.84)
−3 −0.024 (−0.70) −0.077*** (−4.48)
−2 0.153*** (4.77)  0.094*** (5.86)
−1 0.244*** (7.39)  0.284*** (17.00) +++
0 −1.354*** (−36.74) −0.557*** (−34.25) +++
1 −0.264*** (-8.26) −0.123*** (−7.55)
2 −0.269*** (-8.12) −0.224*** (−14) +++
3 −0.058 (−1.64)  0.085*** (5.01)
4 −0.262*** (−7.32) −0.323*** (−18.50) ++
5 −0.249*** (−7.39) −0.172*** (−10.20)
*,**,*** 及び +,++,+++ はそれぞれ 10%, 5%, 1% 水準での有意を示す。
表2　権利落ち日の超過リターンを被説明変数とする回帰分析











Dividend Yield -0.775*** -0.666*** -0.653*** -0.641***
(-0.04) (-0.14) (-0.13) (-0.13)
No. of obs. 24,371 2,266 2,230 2,213
R-squared 0.113 0.173 0.183 0.189
カッコ内は標準誤差。*,**,*** はそれぞれ 10%, 5%, and 1% 水準での有意を示す。
コントロール変数の係数は省略。




表 2 は超過リターンを被説明変数、優待有無ダミー、2 通りの優待利回りを説明変数、配当利
回り及びその他変数をコントロール変数とする回帰分析の結果である。コントロール変数に関す
















等換金性（流動性）の高い株主優待には 1、それ以外には 0 の値を取る liquid というダミー変数













表 4 は回帰分析の結果である。モデル 1 では表 2 で示された優待実施企業の株式の高い売買
高は配当やその他の変数をコントロールしても有意であることを示す。株主優待実施企業にサ
ンプルを絞ったモデル 2 では超過リターンと同様 SHP_Yield1 で計った優待利回りの係数は正で
はあるものの有意ではない。一方でモデル 3 での SHP_Yield2 で計った優待利回りは有意に正で
ある。優待利回りが高い程売買は活発になり、それは投資家間の株主優待への価値の認識の差















Dividend Yield 0.532 -1.562 -0.1 -0.324
(-0.92) (-3.83) (-3.85) (-3.87)
No. of obs. 24,371 2,266 2,230 2,213
R-squared 0.072 0.205 0.24 0.242




の差Day AV (%) t - 値 AV (%) t - 値
-5 12.359*** (7.96) 8.257*** (9.63) ++
-4 14.788*** (7.74) 9.713*** (10.54) ++
-3 22.459*** (8.70) 11.364*** (13.13) +++
-2 30.007*** (12.07) 8.301*** (10.31) +++
-1 100.582*** (26.59) 13.417*** (16.12) +++
0 29.744*** (13.63) -14.357*** (-27.46) +++
1 -1.179*** (-0.98) -10.081*** (-20) +++
2 -4.969*** (-4.31) -8.722*** (-13.98) +++
3 -3.558*** (-2.69) -5.757*** (-8.71)
4 -4.212*** (-3.41) -3.583*** (-4.74)
5 -3.813*** (-2.74) -0.911*** (-1.28) +
*,**,*** 及び +,++,+++ はそれぞれ 10%, 5%, 1% 水準での有意を示す。








最近北米の IR (Investor Relations) Magazine 社の podcast 音声放送用にインタビューを受けた
が、その中で北米の企業のインベスターリレーション担当者にとっても日本の株主優待は興味深
いものであり、今後株主優待制度の導入を検討する企業も出て来るかも知れないとのことであっ
た。現在取り組んでいる研究 (Huang et al. (2016)) で株主優待の市場での価値認識についてよ
り深く検証を重ねて行きたい。
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第 4 条　本会の会員は，次の 4 種類とする。
1 ．正 会 員　本学の教授，准教授，専任講師および助教，なお創価女子短期大学の教員で入会を
希望し総会の承認をえた者




















第 2 条　本会の会計年度は 4 月 1 日に始まり，翌年 3 月31日に終わる。
第 3 条　この会則は昭和46年 9 月22日よりこれを実施する。
第 4 条　一部改正　昭和49年 5 月24日。
第 5 条　一部改正　昭和59年 4 月27日。
第 6 条　一部改正　昭和60年 4 月19日。
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第 8 条　一部改正　平成 5 年 5 月21日。
第 9 条　一部改正　平成 7 年11月10日。
第10条　一部改正　平成16年 5 月14日。
　　規定第 3 号
第 1 条　本会の会費は正会員年額20,000円，準会員年額10,000円，賛助会員 1 口年20,000円，学生会員の
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